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ABSTRACT: We study a system of m urns, where several types of balls are thrown, and an
additive valuation is assigned to each urn depending on its state. Examples are the join models
studied in a database context, and some models with two types of balls. The object of our
investigation is the evolution of the valuation with time, when a ball is thrown at each time unit. By
means of a generating function approach we show the weak convergence of the valuation process
to a Gaussian field. © 2003 Wiley Periodicals, Inc. Random Struct. Alg., 24: 75-103, 2004

1. INTRODUCTION

Our main motivation is the analysis of specific random allocation models that have been
proposed to study the dynamical behavior of relational databases. In particular, the second
author introduced urn models to study the so-called sizes of relations obtained by
projection or joins [8, 9]. The projection model is a generalization of the empty-urns
model (see [15] for a detailed presentation of this last model, both for the asymptotic
distribution and for the limiting process under a large set of assumptions), and in [6] we
gave an analysis of the asymptotic process in a restricted dynamic case (where balls are
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added one at a time and no deletions are allowed). The present paper has its origin in more
involved models which are related to joins, or where deletions in the database are allowed.

The join operations in a database are basically obtained by making the cartesian
product of two tables and applying a restriction on the result. Let us assume that we have
two tables T, [X, Y] and T5[X, Z], each with two columns: The equijoin of T, and T, might
be defined as the cartesian product T, X T,, restricted to keep only those quadruples (x,,
¥, X,, 2) such that x; = x,. The semijoin of 7| with T, is (best) defined as the set of couples
(x, ¥) such that there exists some couple (x, 7) in T,. The importance of the equijoin comes
from the fact that it allows to build “new” data from data already present in the database;
however, equijoins are prone to creating large tables, which is not recommended if one
desires the database operations to be executed quickly. Semijoins appear when selecting
data to be transmitted from one place to another, in a database distributed over several
places. In both cases, it is important that the database optimization system, which can
rewrite a query from the end user in several ways, and must then choose a “best” way,
evaluates the sizes of the tables created by a join operation.

Roughly speaking, the modeling of join sizes by urn models is as follows (see [8, 9]
for the precise definitions and models). Let us consider a table 7,(X, Y), which will be
joined to a table T,(X, Z) on column X. The values on Y have no influence on the join, as
long as they belong to the relevant domain with the right (for the underlying database
problem) probability distribution and there are no repetitions. Hence we deal with some
number of distinct X values among all the possible values for X (in a database context,
there are usually a finite, if large, number of such possible values) and their numbers of
occurences. Now let us consider a sequence of urns, labeled by the possible values for X:
We associate with each tuple (x, y) a ball that goes into the urn labeled by x. We can do
this again for the next table T,(X, Z), using balls of a different type. The numbers of balls
of each type are exactly the sizes (i.e., numbers of rows) of the initial tables 7 and 7.
Usually, these sizes of tables are parameters of the database, or at least can be known
precisely (there is no randomness there). Finally, we represent each tuple of the (equi- or
semi-)join by a ball of a third type, according to the rules given below (from the definition
of the join operations, we can build tuples for the join by considering the X values
separately, i.e., by taking each urn in turn and investigating its contents). The number of
balls of the last type is precisely the join size that needs to be evaluated.

Such urn models have turned out to be of interest in their own right as combinatorial
objects; they can also be applied to completely different fields, e.g., to biological
problems, etc. (see [13], in particular Sections III.2 and VI.2. as well as Chapter V, pp.
239-248).

A mathematical formulation might be as follows. Consider a sequence of m urns into
which we throw different types of balls according to some rules. The balls are thrown one
at a time and independently. Moreover, we assume that the balls of one type are
indistinguishable. Assign to each urn U containing k; balls of type i, i = 1,2, ..., d, an
integer valued valuation flk,, k», . . ., k;) = 0. We are interested in the random variable
X,, equal to the sum of all valuations. If we denote by K;; the number of balls of type i in
the jth urn, then we have

Xn= > fKyj ..., Kg), (1.1)
j=1
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where we condition on E}”:IKU =n,i=1,2,...,d. This formulation allows us to present
a unified treatment of both the join models and of several urn models previously
encountered:

e Semijoin and equijoin models in dynamical databases, where we have two types of
balls and the valuation is the join size:

kilin=0 for the semijoin,
Sl k) =11
kiky for the equijoin.

A first study of the dynamic behavior of join models was presented in [11], where
each case required an ad hoc treatment.

¢ Urns with balance ¢: There are again two types of balls. The balance of an urn is the
relative difference between the numbers of balls of each type, and the valuation is the
number of urns with the specified balance: fik;, k;) = 1j; —,+,- Such models were
introduced in [3] to study the behavior of a learning process; they also appear in [6].
The model we consider in the present paper differs somewhat, in that here the
number of balls of each type is known, whereas the former study assumed that only
the total number of balls was known.

e It should be mentioned that the general urn model previously studied by the authors
in [6] also fits into this scheme: There we (in most cases) had one type of balls, and
we counted the number of urns in a certain state C. For these urn models the function
f can be defined by

1 if the urn is in state C,
k) = {O otherwise.

We shall prove in this paper that the (normalized) process X,, = X,,(ny, . . . , ny) with
a specified number 7, of balls of each type i = 1, 2, ..., d converges weakly, as m — o
and (n,, . .., ny)/mtends to a fixed vector (¢, . . ., t,), towards a Gaussian field (with time
variables n,/m), whose covariance function can be explicitly computed.

In fact, our main result (Theorem 2.1) is even more general. It just refers to properties
of corresponding generating functions defining the process. For example, this result can be
also applied to model deletion of balls. The source of our interest in such a model comes
again from databases, that are now dynamic, i.e., the user can add or delete items.

The plan of the paper is as follows. In Section 2 we show that the above urn model can
be encoded in terms of generating functions and we formulate our main result concerning
the convergence of X,, towards a Gaussian field. We study several examples in Section 3
(join and balanced urns models); for example, the equijoin leads to the Brownian sheet.
Section 4 introduces a model for deletions and validates this approach on an empty-urns
model. Finally Section 5 gives the proof of our theorem.

2. CONVERGENCE TO A GAUSSIAN FIELD

2.1. Generating Functions for the Urn Model

First, let us consider the motivation urn model described in the Introduction.
We assume that there are d types of balls which are thrown into m urns. First let us
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consider just one urn and let a,, ,  , denote the number of ways n; balls of type i =
1, 2,..., d can be allocated in one urn. Then the exponential generating function'
describing the allocation of balls in one urn and marking the valuation of this urn with x
is given by

a
nLn2, . . . nd s "M)Zm R
1 d:

¢1(xs Ly oo vy Zd) = 2

nilny! - - - ny!
nt,...,ng=0 1:772 d

In the standard model one has a,, , = 1 and hence the function

Ny, oo .y n,
di(l, 21, oy zg) = €l e

splits into a product of exponential functions. Another example—which is frequently used
in this paper—is

d
Anino, . . ona — ]._[ 81’(81' - 1) ce (81 - n; + 1)»

i=1

which means that every urn has exactly 6, possible places for balls of type i = 1, 2, ...,
d. Here we get

di1(1 2,z = (1 + 2D+ 29)% - (1 + z9)™
Note that in general there are no factorizations like that.

If we denote (as above) X,,(n,, n,, . . ., n,) the (additive) value of these m urns, where
n; balls of type i, | = i = d, have been thrown, then by additivity we have

[Z’lﬂ Tt ng](b](x’ Ll e ey Zd)m

[Z}i” e Zz(l]d)l(l’ FS IR Zd)m '

E(me(m.nz,. . -Jld)) -

In a similar way we can also consider the joint distribution of the valuations of X,,(n,),
X,(n; + mp), ..., X, (m +n, + -+ mn,) for some b = 1, where n; = (ny, ..., ny),
J=1....b.Letay, ,, . . denote the number of ways to allocate first n;; balls of type
i=1,2,...,d, thenn, ballsof type i = 1, 2,..., d, etc. and set

bp(x1, X0y o Xpy Ty, ..., Tp)

b d
a,
_ E n xf‘(n11+- sttt .+ -+ ngg) n ':1" : '}’:b ' Z?’ij (21)
i=1 Y

nij=0 i1 g ny;. 1 v
I=i=d,1<j=b’" ’ ’

with z; = (zy;, . . . , z49)- Then we have

"We will apply the generating function technique for combinatorial enumeration (for an introduction to this
method, see, e.g., [7, 12]).
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nj ny . m
E(xx”‘(“‘)xx”‘(“‘+“2) N -xxm(m+n2+. . <+n/,)) _ [Zl e Zy ]d)b(xl, X2y oo s XpYZgs s Zp)
! 2 d [z 21 (1 1, Lz, ., 2)"
(2.2)
For example, for the standard model we get (for x;, = -+ - =x, = 1)
b d b
¢b(17 ey 1; Zy,... ,Zb) = ]__[ 1_[ e = H (;bl(l,lj).
j=1i=1 j=1
For the second mentioned model we have a nice representation, too, (forx; = --- =x, = 1)
d
b1, Lz = [T+t + oo+ )%
i=1
but we do not have a factorization of the form ¢, = ¢, - - - ;.
2.2. Main Result
The nature of ®,(x, z,, ..., z,) (i-e., an mth power) allows a straightforward application

of proper limit theorems (e.g., Bender and Richmond [1]), which directly shows that
X,, — EX,)/VVarX, has a Gaussian limiting distribution where expected value
E X, ,(n,, ..., n,) and variance Var X, (n,, ..., n,) are both of order m (if n, and m are
proportional). The idea is now to approximate X,,(n,, . . ., ny) by

Xm(nl, ) nd) ~E Xm(nla ) nd) + ﬁ. G(n1/m9 B nd/m)s

where G(¢,, . . . , t) is a proper Gaussian field. The following theorem shows that this can
be actually worked out. Note that Theorem 2.1 just refers to very general properties of
generating functions and is thus applicable in more general situations which need not be
related to urn models.

Theorem 2.1. Let X,, = X, (ny,..., ny) (m = 1, n; = 0 integers) be a sequence of
discrete stochastic processes, such that for every b = 1 there exist functions

bp(xy, X0y oL X 2y, z)
which are analytic for z; = (zyj, ..., z4) around 0 and 2d + 2 times continuously
differentiable with respect to (x,, . . ., x,) around (1, ..., 1) such that
n n,
[le e zd”]¢b(x1, X2y oo o s Xpy Ly o v oy Zb)m

E(xfm<nl)x§nl(nl+n2) . x)d(nz(n]+n2+' - -+mp) —

[z - 2 Tdp(1, 1, ., Lz, oy 2)"
(2.3)
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and
$a(x1, x25 21, 0) = 1 (x1x0, 7). (2.4)
as well as
(27" 2 1dp(1, 1, Lz, .o, 2)" >0 (2.5)
for allm; = 0.
Then there exists a centered and continuous Gaussian field G(t), t = (t,,...,t,) € T°

(where 0 € T C RY is a proper connected set, see below) such that the following
functional limit theorem holds:

X mty |, ... [ mty ) —EX,(|mty |,....[ mt]) GO
3

Y, (t) .=

If By denotes the covariance function of G(t), then
COV(Xm(nl, ey nd)’ Xm(ﬁla ceey ﬁd)) = mBn]/m, .. nglmiiym, ... Aglm + 0(1)

uniformly for m, n;, i, — % such that nj/m resp. ii/m are contained in a fixed compact set
contained in T°. Furthermore, there exists a continuous function w,, t € T° such that

E Xm(nh cee nd) = ml-“m/m,. . .ndlm + 0(1),

uniformly for m, n, — % such that n/m are contained in a fixed compact set contained in
T°.

Remark 1. Note that the analyticity conditions imposed on ¢, imply that the multivariate
moment generating function of (X,,(n,), X,(n; + n,),..., X,,(m; + n, + --- + n,))
exists and is 2d + 2 times continuously differentiable in a neighborhood of 0.

Remark 2. 'We want to mention that the univariate case (d = b = 1) for the standard
model [i.e., ¢,(1, z) = €°] has been investigated quite early in the literature, e.g., by Quine
and Robinson [16]. They proved a (univariate) central limit theorem for X,,(n) under very
general moment conditions (which are much weaker than our analyticity conditions).
Their method is based on the observation that X, (1) may be considered as the sum X7
flU{n/m)) conditioned on 2}”:1 Ujn/m) = n, where U(t) denote independent Poisson
random variables with parameter ¢. (With help of this interpretation it is also quite easy to
interpret mean and variance of X,,(n) in terms of moments of Uy) resp. of UL?));
compare with [16]).

In order to describe the Gaussian field G(t) in Theorem 2.1 we just have to provide the
covariance function B, and the set T. The formulas for B, (and w,) we present here
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depend on saddle point equations (2.6) and (2.7) (resp. on (2.10)) and do not explicitly
refer to the distribution of K;; as it has been done in [16].2
Let ®,(xy, x,; Z1, Z,) be given. Fors = (s1,...,sy)andt = (t;,...,t,) with0 =5, <

i =1,2,....d,letp, = p;(s, ) = (11, ..., par) and Py = Py(s, V) = (P12 - - -5 Pu)
be defined by

ady(1, 1, py1, po)

p = 5;:0:(1, 1, py, p), i=1,...,d, (2.6)
Zil

Pi1
and by

a1, 1, p1,pa)

3 ti—s)do(l, L,p,po), i=1,....d (2.7)
22

Pi2

We will denote by T the set of all t such that p,(s, t) and p,(s, t) exist for all s with 0 =
s<t.
Now set

Kab

L 82(10g (1)2(6”1, €u2, p”e”‘, ey pdle”", plzeW], ey pdzew"))
' daob ’

ul=up=vi=: - -=vg=wi=- - -=wg=0

where a, b € {u, u,, vy, ..., vy Wy, ..., wy}), and we obtain

Kujy  Kugor "0 Kupoyg Kupwr * 0 Kugwy

Koy Kopor  * 00 Kooy Kopwp 000 Koy

Koy Kogor  **° Kywg  Kywr *° 0 Kyawa

Kwiuz  Kwior =0 Kwigg Kwpwr 200 Ky

Kyway Kwgor  *°° Kwgug Kwawr = Kwawa

B st . (28)

Koior  *° Koyue Koywyr * 0 Kywg
Kyau Kogua  Kogwi Kuawa
Ko = Kwjgg Kwwr 00 Kwjwg
Kygor = Kwgua  Kwawr * 0 Kwawa

*If we consider the urn model X, = 272, f(K,;, . .., K,;) conditioned by X7, K,; = n, then, for given m and n,
we can choose properly scaled K;; such that 7" | E K;; = n;. This relation is hidden in the (univariate) saddle
point equation (2.10). Thus, if one is interested in the asymptotics of E X,, and Var X, , this can be worked out

m m’

in the same vein as in [16]. However, for the covariance we need the joint distribution (X,,(n), X,,(i1)) and two
(differently) scaled versions K;; and I?ij with 3, EK; = n;and 272 | E K:,- = 7i; which are encoded in (2.6) and
(2.7). This would lead to a probabilistic—however, not really elegant—interperation of our formulae.
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For general s, t € T we set Byy = Biins.t). maxs.t)-
Furthermore, we have

(9/0x)(1, p(s))/ox
Ms = ) (2.9)
$1(1, p(s))
in which p(s) = (p;, ..., p,) denotes the solution of the equation
di(1, p)
plq[)laizp:sld)l(lvp)’ lzlayd (210)
i

Remark 3. Note that the covariance function By is just defined if s; # ¢, for all i = 1,
2,...,d. However, we will see in the proof of Theorem 2.1 that it extends continuously
to the missing values s; = ¢,. Especially we have

Var Xm(nla cee nd) = mBn]/m, . .onglmini/m, .. L nglm + 0(1)

Furthermore, By is a little bit easier to calculate than By .

Kuu Ky e Kuvd
Kv1u Kv]v] t K‘U]vd
Rvdu Rvdvl ct devd
Bgs = s + ~ - s (2.11)
Kooy * Kvlvd
dem te devd

where R, (v, z € {u, vy,..., y,}) is defined by

P(log ¢i(e", pre?, . . ., pge™))
e dyoz

K
u=v=- - ~:vd:O,

and p(s) = (py, ..., py) is defined in (2.10).
Remark 4.  We also want to mention that the formula for B, is much simpler if
b d
(bb(l; Zl’ AR Zb) = H n eZU’
j=1i=1

which we usually refer as the standard model. Here we have p (s, t) = s and p,(s, t) =
t —sand

Kuy =0 (1=j=d), (2.12)

Koy = Ky =0 (1 =14, j=d). (2.13)
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TABLE 1. Expectation and Variance for the Equijoin Models (s; = n,/m).

Model Generating Function EX,,(n,, n,) Var X, (n,, n,)

vv 810 = g0 = € ms;s, + O(1)  ms;s, + O(1)

UB 6@ =6 &@ =0+ mss, +00) mss,(1 — 5,/8,) + 0(1)

BU g1 =1+ 2%, 8 =€ ms;s, + 0(1)  msysy(1 — 5,/8,) + O(1)

BB g, = + 2)°, msys, + O(1)  ms;s,(1 — 5,/8))(1 — s5,/8,) + O(1)

8:(2) = (1 + 2>

3. JOIN AND BALANCED URN MODELS

As discussed in the Introduction, some important cases appear when studying join sizes
or balanced urns. We specify now the results of Theorem 2.1 for these cases. We consider
the case d = 2 and models with factorization, i.e., where we have

di(1, y, 2) = g1(y)ga(2), (3.1)

and give explicit results for equijoins and semijoins, and for balanced urns which
generalize those in [3, 8, 9, 10]. (For the sake of brevity we will calculate the covariance
function explicitly only for the standard model of infinite urns.)

3.1. Equijoin

For the equijoin models we have two types of balls and the valuation f(k, [) = kl. Thus
1(x, v, 2) = 2y, abpMy d with g,(y) = 3, ap* and g,(z) = =, bz’ and hence (9, /dx)(1,
v, 2) = yg1(y)zg5(z). Throughout this section set s; := n,/m for i = 1, 2, where n; denotes
the number of balls of type i. We give results for the four cases, where the urns are either
bounded or unbounded w.r.t. balls of type 1 and 2. Denote these models by UU, UB, BU,
BB, where the ith letter indicates whether the urns are bounded (by §,) or not w.r.t. balls
of type i. Inserting the generating functions into Theorem 2.1, we get the results in Ta-
ble 1.

In a similar way we can calculate the covariance function. For example, in the case of
infinite urns we have B, , .., = 515, 1f s; = 7, and s, = t,. Hence the limiting process G
is precisely a Brownian sheet (cf. [18]; see also Fig. 1).

3.2. Semijoin

We now turn to the semijoin. By flk, [) = kl1;~, we have

di(x, v, 2) = g1(y) + g1(xy)(g2(z) — 1),

where g, and g, are chosen as for the equijoin models UU, UB, BU, and BB, respectively.
Thus we get the results in Table 2 (cf. Fig. 2 as well).
The generating function for the 2-dimensional distributions is ®, = ¢4, where

bo = gi1(y1 + y2) + gi(xoy1 + x2y2)(g2(z2) — 1)
+ g1(x1xoy1 + x2y2)(g2(21 + 22) — g2(22)).
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50

Fig. 1. Centered process for the equijoin size, infinite urns, m = 20 and n,, n, =< 50.

For example, infinite urns on both types of balls give

By = s1(— (6 —s)(I —e™) + e (1 + 1, — e [1 + 1, + 5511])).

3.3. Urns with Balance q

The valuation of the urn is equal to 1 if the difference between the number of balls of the
first type and the number of balls of the second type is g, and to 0 otherwise. Recall that
the Hadamard product of the two functions f(f) = X, fi/* and g(f) = 2, g," is (f O g)(t) =
>, figit". We define a shifted version of the Hadamard product of the functions g, and g,
[defined by Eq. (3.1)] as

)\q(t) = Equblt].
1

Of course, Ay(f) = g; © g,(2).
We have here ¢,(x, y, 2) = g,(1)g2(2) + (x — 1)y?A,(yz), which we can also write as

TABLE 2. Expectation and Variance for the Semijoin Models (s; = n/m).

Model E X,,(n,, n,) Var X, (n,, ny)

uu ms;(1 — (1/€*?)) + O(1) msye” (1 + s))(1 — e — s;5,¢ 7)) + O(1)
UB ms (1 — (1 — (5,/8,)7%) ms;(1 — (52/8,))*2 7 '[(1 + s)(1 — (55/8,)) — s,5,] + O(1)
+ O(1)
BU ms,(1 — (1/%)) + 0(1) mse (1 + s, — (s,/6))(1 — e %) — s;5,¢ 2] + O(1)
BB msy(1 — (1 = (52/8,)) %) ms (1 — (5,/8,))*%"
+ 0(1) X (1 = s; = (/81 — (55/85)) — 5,5,] + O(1)
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100 450

200

Fig. 2. Centered process for the semijoin size, unbounded urns, m = 80 and n,, n, = 200.

di(x, ¥, 2) = g1(¥)g2(2) + (x — Dy, 2)
with (v, 2) := A, (v2) = [u?]g:(uy)ga(2/u).
This comes from the fact that the generating function marking balls of the first and second

kind by y and z and the balance by u is simply g,(uy)(z/u). In the same vein, the generating
function for allocations in two batches can be written as

21 22
a1, X2 Y1, V2, 215 22) = (61 — Dy = D[u0"]g (uy, + U}’2)82<M+ v)

<1
+ (xp — D[u?]g (uy, + yz)gz(u + Zz)
+ (0o = Dp,(y1 + y2, 21 + 22) + g1(y1 + ¥2)g2(21 + 22).

The asymptotic expectation is

piAy(p1p2)

E X, (n;, ny) = mu,, ,,(q) + O(1 with g () == —————
( 1 2) M’l, _(61) ( ) IJ“I,Zq gl(pl)g2(p2)

and the asymptotic variance is Var X, (n,, n,) = mB, . (q) + O(1), with

81,52

) (r+q—s)? (1—5)
Bﬂ,sz(q>:us,,s2(q)(l—ml,sz(q){H A T D (3.2)
(] (%53

with 7 1= pipAi(p1p)/Ay(pip2) and o7 = pi(gi/g)(py) + 51 — si and o3 = pa(g/
2,)(p,) + s, — 55 where p, and p, are defined as solutions of p,(dg,/dy)(p,) = s,8,(p,)
and p,(dg,/dz)(p,) = s,8-(p,). (In the same way we can compute the covariance function.)

For infinite urns the generating functions ¢, and ¢, can be expressed in terms of Bessel



86 DRMOTA, GARDY, AND GITTENBERGER

fli)nc.tions. We have A () = ¢ *[,(2V1) and A(1) =t “C"V 2V = g, (1) and
obtain

Hona(9) = 57253 1,2 {s1s2)e ™17

Furthermore,

y ql2
Py, 2) = <Z> 1,2 {()(2)).

Thus, we also obtain a (simple) representation of the covariance function

ql2
51
— —n-t f
By 5ot = (S) e ZIQ(Z\S'SZ)
2

4]

ql2
X (10(2 \/(h —s)(ty — 52)) — 5() e (2 VE))»

I
where n := Vi1, 1, ,2VHL)I(2V11,) and

(g+m—t)g+7—1t) M—n)(t—1)
+ + .
1 153

£=1

4. MODELS WITH DELETIONS

In some instances, e.g., when modeling dynamic databases to study the evolution of
projection or join sizes, we need to allow new operations, for example, the deletion of
items (balls), or the existence of queries that do not modify the current state of the system
(no ball is added or deleted). In what follows we explicitly determine the corresponding
generating functions with a combinatorial approach. In a similar way general update
models (including those with queries) could be studied.

4.1. Allocations and Deletions in a Single Urn

Our model is based on the following assumptions:

e The urns have infinite capacity and are chosen with uniform probability 1/m.

e The balls in the same urn are indistinguishable, when performing either an insertion
or a deletion.

e We first choose the urn, then the operation to be done in this urn; the only possible
operations are insertion or deletion of a ball.

e Assuming that the urn that has been chosen is not empty, the probabilities of
insertion and deletion in this urn are equal. If the urn is empty, then we perform an
insertion.

We model this situation with two types of balls: White balls correspond to insertions,
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Fig. 3. Decomposition of a Dyck prefix.

and are thrown according to the usual rules (there is no upper limit on the number of white
balls in an urn); black balls correspond to deletions, and are thrown in such a way that the
balance of an urn (number of white balls minus number of black balls) is always positive
or null. Thus the balance is the actual number of balls in the urn.

Such a situation is related to the framework presented in [10]. There we proved that,
starting from a general combinatorial structure for which we have the enumerating
generating function, and assuming that the basic items can take two colors, we can easily
obtain the bivariate generating function marking the size and the color balance, by taking
the Hadamard product of the initial enumerating function and of the function associated
with the sequence of balances. Requiring that the sequence of balances is always positive
simply means that this sequence is the prefix of a Dyck path, for which the enumerating
function is well known. (If we consider also queries that do not add or delet balls, we
would simply take prefixes of Motzkin paths as allowed sequences.)

4.2. Generating Functions

In the generating function associated to an urn, we use the variables x to mark the fact that
the urn is empty, z to mark the balance of the urn, and ¢ to mark the total number of balls
(black and white) that this urn has received. The global generating function relative to the
sequence of m urns is obtained by taking the mth power of the function for one urn, where
the variables x, z, and ¢t mark respectively the number of empty urns, the current number
of balls (balls inserted and not deleted) in the sequence of urns, and the total number of
operations, i.e., the time.
The function describing the allocation of balls into one urn is3

A, 2) = g(t) ©,P(t, 2),

where g(f) is the function describing the allocation of (white and black) balls into the urn
(usually g(f) = ¢€'), and P(t, 7) = En,q Ptz is the bivariate function enumerating the
allowed sequences of allocations of black and white balls into the urn. Now P(¢, z) is
simply the generating function for prefixes of Dyck paths, with r marking the length and
z the final height: An up step corresponds to an insertion, a down step to a deletion, we
cannot go under the zero axis, and the final height is positive (or null for Dyck paths). Let
d(H = (1 — V1 — 427 be the function enumerating Dyck paths; then P(t, z) =
d(®)/(1 — tzd(t)). The function describing the behavior of one urn is

*In the case of multivariate functions, we index the Hadamard product by the relevant variable.
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d(r)
i1(x, 1,2) = A, 2) + (x = DA, 0) = g(0) O | - ——+ (x = 1)d(1) ].
1 — tzd(¢)
We consider now what happens at two successive times. Let m, , . . be the number

of sequences of balances of length n, + n,, such that after n, steps, the balance is ¢,, and
that the final balance is g,, and define the generating function of these numbers:

L nin2_qi_qa
71'(tl, 1, 21, ZZ) = E Tnngra2tt 1721 22

ni,n2,q1,q92

At least as long as we are working with unbounded urns, it is simply the generating
function for prefixes of Dyck path, enumerated according to their total length n, + n, and
final height ¢,, and to some intermediate length n, and corresponding height g,. We
decompose the paths according to their minimal height min between the times #, and z,
(see Fig. 3): Let i, be the time of last passage at min before f,, and let i, be the time of
first passage after ¢,. Obviously min = q,, g, and i}, = t, = i, = t,.

e The part between 0 and i, is the prefix of a Dyck path, whose generating function is

d(#,)/(1 — t,d(z,)). Taking into account the heights at times #, and z, gives
d(t)
1 = t1z12d(t))

e In the central part of the path, the minimal height min can be equal to g,: Then i, =
t, = i,. Otherwise, the path begins by an up step, then stays at height at least min +
1 in the interval [i; + 1, i, — 1]. We shall consider the times j, and j, of last passage
to min + 1 before ¢,, and of first passage to min + 1 after #,. The path between i,
and j; is enumerated by z,#,d(#,), and the path between j, and i, is enumerated by
t,d(t,). Hence the central part of the path (including the case g, = min) is enumerated
by

1

1 = zitityd(1)d(ty)
e Finally, the part between the times i, and ¢, is again a Dyck path, and we mark the
final height at time #,, which gives

d(1,)
1 — [222d(t2) ’

Concatenating the three parts of the path gives

d(1))d(t,)
(1 = 112122d (1)) (1 = 1220d(22)) (1 — t1152,d(11)d (1))

w(ty, 1o, 21, 22) =

Now llet K(t, by 215 22) t= Enl’nzgquz Ky narali'12°21'23> be the functign enumerating
allocations of black and white balls in two batches, such that, after throwing n, balls, the
balance is g,, and after throwing again n, balls in the second batch, the balance becomes
q,- As for the one-dimensional case, we have that
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k(t1, 1o, 21, 22) = g(t1) O (g(t2) O, w(ty, 12, 21, 22))-

The function marking the emptiness of the urn at the end of the first or second batches by
the variables x; and x, is

ba(xy, X2, 1, 12, 21, 22) = (x1 — D(xp — Dk(ty, 12, 0, 0) + (x; — Dk(zy, 12, 0, 25)
+ (x2 = Dk(ty, 12, 21, 0) + (11, 12, 21, 22).

We have expressions for the k(¢, t,, - - -) as Hadamard products of the entire functions
g(r) = €" and g(t,) = €, and of algebraic functions 7(t;, t,, - - -). Hence the function
bo(xy, Xy, 1y, 1, 74, Zp) 1S an entire function in ¢#; and #,.

It is now clear that we can write down all the desired multivariate generating functions,
and that they satisfy the assumptions of Theorem 2.1; hence the associated process
converges towards a Gaussian field G(s, f). Note that the first time s = n/m corresponds
to the total number n of operations (insertions and deletions) and ¢ = g/m to the difference.
Hence, n = (n + ¢)/2 is the number of insertions and g = (n — ¢)/2 is the number of
deletions. We now define a modified discrete process X,, by

X, @) 1= X, + g, 7 — ),
which counts the number of empty urns with 7 insertions and g deletions and another
Gaussian process G(s, f) (0 = t = s) by
GG, 0)=GGE+1t,5—1)
such that

X7, ) = E X,,(7, @) + \m - G(@m, gim).

4.3. Number of Empty Urns

In this part, we consider the number of empty urns; for simplicity we just take the total
number of operations into account (which is a functional of the bidimensional process we
studied above) and show that we can effectively compute the parameters of the limiting
process. We get the functions ¢, and ¢, by putting z = z; = z, = 1 in the corresponding
functions computed in Section 4.2:

d(t)

bi(x, 1) = (x = 1g(n) © d(1) + (1) © 1 1d(1)’

baxy, X2, 11, 1) = (x1 — 1)(x2 — Dk(ty, 12, 0, 0) + (x; — 1)k(ty, 15, 0, 1)
+ (x2 - I)K(th t2’ 1’ 0) + K(tla tz’ 1» 1)

Set ft) := A(t, 0) = g(1) © d(¢) and g,(1) := Az, 1) = g(t) © d(H/(1 — td(1)); so that ¢, (x,
1) = g, + (x — 1)f(¢). The asymptotic expectation is E X, (n) = mpu,,,, + O(1), with
w, = fip)/g,(p), where p is defined as the unique real positive solution of the equation
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tg1(Dlg,(H) = s, with s = n/m. For g(t) = ' we have f(t) = I,(20)/t, with I, as a Bessel
function [10]. Further g,(f) = ¢*(1 — K(t)), where the function K is defined as the solution
of the equation tK'(f) = e~ *'I,(2t)/t that becomes null for t = 0; hence

gi(t) = €2t<1 - Jl e I, (2u) a:)
0

and the equation defining the saddle point becomes 2p — pf(p)/g,(p) = s. We also have

uw, = 2 — s/p. For example, s = 1 gives p = 0.6793222511... and p, =

0.527944582 . ... For s = 2 we get p = 1.2154678 . .. and u, = 0.3545302 . ...
Next we obtain

.2 1
Bs=;(2p—s)A+?(sp—2p2—4p+3s)

S2

+
p*(2p(2p — $)A — 2sp + s —4p + 5)

with A := I,(2p)/I,(2p). Numerically we have B, = 0.17394268... and B, =
0.1953331....

5. PROOF OF THEOREM 2.1

5.1. Existence of Limiting Gaussian Field with a.s. Continuous Sample Paths

In order to prove Theorem 2.1 we first have to show that there exists a random field with
a.s. continuous sample paths and f.d.d.’s which are characterized by the limiting f.d.d.’s
of Y, (t,, ..., t.

Since there exist sequences probability measures on the space C which do not
converge, though their finite dimensional distributions do (for an exposition see [2, Chap.
I, Section 3]), we have to establish tightness in order to complete the prove of Theorem
2.1. This is left for the next section.

The following two lemmata will be proved together.

Lemma 5.1. There exists a Gaussian field G(t) with covariance function By, given by
(2.8) with almost surely continuous sample paths.

Lemma 5.2. The finite-dimensional distributions of

Xl mty |, ..., | mty ) —EX,(|mty |,....[mt])
Ym(t],...,td):: %

\

converge weakly to the corresponding finite-dimensional distributions of G(t,, . . ., t,).

Proof. The limiting distribution of X,, is characterized by
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[2i(x. 2"

B = 1.2

Thus by standard saddle point techniques (compare with [1] or [5]) it follows that

A (x)\" 1
m n) _ (l/m)ll -
B ( )= (A(l/m)n(l)) (1 i 0(’"))

B ,(x) denotes

......

where A((x) = A

(bl(x’ P1> -+ pd)
)\51,. .. ,sd(-x) = S1 Sd
Py Py
and p; = p/x, sy, ..., 5, (1 =i = d) are the saddle points defined by the equations in z;
ad)l(x’ Ly oo v s Zd)
Zi =sl-<i>1(x,zl,...,zd), lzl,,d (51)

0z;

Consequently, by applying the results of Bender and Richmond [1] one directly obtains
that the limiting distribution of X,, is Gaussian (if m and n; are proportional) with
asymptotic mean E X, (n) = muy/,,, = O(1) and Var X, (n) = mo-(zl,m)n + O(1), where

d(log Ag(e"))
Ms = - (5.2)
and by
9*(log As(e"))
e B (5.3)
u=0

By an (advanced) exercise in implicit differentiation it follows that u, and o2 = B, are
exactly given by (2.9) and by (2.11).

By another use of saddle point techniques it directly follows that the joint distribution
of (X,,(my), ..., X,,(m; + -+ n,))is also Gaussian for any fixed b = 2 (if m and n; are
proportional). This shows that there is a Gaussian field underlying the finite-dimensional
distributions. Of course, a Gaussian field is characterized by a covariance function By
which can be determined just by considering the bivariate distribution (X,,(n,), X,,(n, +
n,)).

By applying the above procedure it follows that

Cov(X,,(ny, X,,(n; + n3)) = mB(1/myny:(1/m)my +n2) T O(1),

where
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_ az(log /\Sl, eSSt . ,td(euls euz))

6u18u2 (54)

By, .. san.. .
u1=0,u2=0

with

_ a(x1, X2, P11+ -+ Pats P12y -+ - s Pa2)
Asl, CWSdt, .. ,td(-xb .Xz) - S1 sd _t1—s1 td—Sd ’
P11 PatP12 " Pan

where p; = p(xXy, X2, S15 - - S By -5 1) (= 1,000, d, j = 1, 2)) are the saddle points
which are defined by the equations in z;

do(xy, X2, 21, Z5) .
Zil aZ.] = S[sz(xl, X, 21, Zz), 1= 1, ey d, (55)
i

dda(xy, X2, 21, Z5) _

0z

2 (tt - Si)(bz(X],Xz, 7y, ZZ)’ i = 1’ L) d. (56)

Another exercise in implicit differentiation shows that By, is exactly given in (2.8).

Now let G(t) be the Gaussian field with covariance function B (compare with [17];
by construction it is clear that the corresponding covariance matrices are positive
semidefinite.) The above construction also ensures that all (normalized) finite-dimensional
distributions of X, (n) converge weakly to the corresponding finite-dimensional distribu-
tions of G(t) (with t = (1/m)n).

In a final step we have to show that G(t) has a modification with a.s. continuous sample
paths. For this purpose we will prove that

Bs;t = Bs;s + O(Ht - S”) (5.7)
Namely, if (5.7) holds, then

Var(G(t) — G(s)) = Bgs — 2Bgy + By = O([t — s

) (5.8)
which implies that G(t) has a modification with a.s. continuous sample paths (see [14,

Chap. 2, Theorem 2.8 and Problem 2.9]).
First we observe that by definition (2.7) the saddle point p,(s, t) satisfy

pa(s, ) = O([t — s|).
We also use the property that ¢, (considered as a power series) can be represented as
d

a(x1, X2, 21, 22) = di(x130, 7)) + 2, 2R (X1, X, 24, 22),
=1
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where R; # 0 are proper power series in z,, Z, with R(x,, x,, z,, 0) # 0 [compare with

(2.5)]. We will use this relation for small z, and use the shorthand notation

bo(x1, X2, 21, 7o) = (X132, Z1) + O(2).

For convenience we set & = [t — s||.
The next step is to show that

Kujuy = Ms + Ruu + 0(8),

Ko = Ruy T O(€) (1=i=d),
Koy = Ewu + 0(8) (1 =i= d)’
Koy = Ry T O(€) (1=ij=d).

For the proof of (5.10) we use (for x; = x, = 1)

ado(1, 1, 21,2))  adi(1,2) N
0x 0x

a1, 1,21,2))  adi(1,2))
8x2 ox

0(z,),

+ 0(2o),

and

82¢2(19 17 Zy, ZZ) _ ad)l(l, Zl) + azd)l(l’ zl)

+ O(z,).
0x10x) ox ox* (z)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

There relations directly imply (5.10). In the same way we can treat the other cases

(5.11)—(5.13).

Thus, combining (5.10)—(5.13), it follows that the left upper parts of the determinants

in (2.8) are given by

KM]MZ Klll‘U] KM]‘Ud MS + KMM KllUl KM'(/d
K K K K K - K
viu2 U1U] V1ud vl U1U] V1Ud
. . . = . . . + 0(8)
K UdUu2 K UdU] K Udud deu Kﬂd'l)l devd
~ ~ EMM ’zuvl
L Kvlvd ~ ~
_ ' K'U]M K'UI'U]
= Ms . . + : :
Kuau Koaua ~ ~
K'U(]M K'Udv]

and by

L

Kuiu

K VdUd

+ O(e)
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Koo * 0 Koy Kojop  * 0 Koy
= - - |+ 0(e).

Koygor  **° Kogug Koygor =+ Kygug

Next observe that

PPy by ddy

2 aX]aij B E)x1 (_:)Z]Z

Kuiw; = Pj2 d)Z ’
2

ERO B 94’23;4)2

2
02;10Zjp  9Zj1 9Z)2

Kow; = Pi1Pj2 (bZ ’
2
¢, %o B ddy Iy
0Zi» 2 3Z,’23Zj2 9Zin aij

)

Ko = Pi2 E 3 + piopj2 e
2

where we have to evaluate at (x,, x,, Z,, Z,) = (1, 1, p,(s, t), p,(s, t)). Thus we can extract
a common factor of the last d colums and last d rows (of the determinants of (2.8)) of the
form V'p;, and obtain for the right upper part of the determinant [in the formula (2.8)]

Kuwi * 0 Kujwg 0(\/5) T 0(\%)

1 KU.lWl T Kv_lwa _ 0(\/5) s 0(\/2)
P12°** Pa2 : : : ZF
Kugwi * Kogwyg 0(\/§) oo 0(\e)

(A similar relation holds for the left lower part of the determinants.) For the right lower
part we get

« o ¢+ 0(e) O(e) e O(e)
1 A e O(e) ¢+ 0(e) - -- O(e)
Prz-Pa |, : R )
il wawd O(e) . 0(g) ¢4+ O(e)
for certain nonzero numbers cy, . . ., ¢,

By expanding both big determinants in (2.8) and comparing them with (2.11) this
immediately proves that By, = B, + O(e). This completes the proof of Lemma 5.1 and
52 .

5.2. Tightness

In order to prove tightness we will need two lemmas. One bounding certain polynomial
moments of the centered process and one bounding polynomial moments of the incre-
ments of the process. In the proof of the first one we will for brevity assume that ¢,(1,
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z) = g(z) := g,(z1)8:(z2) - - - 8.4z, (g; 1s the generating function counting the allocations
of type i balls into a single urn). The general case is similar but requires mixed cumulants
of the functions which is computationally and notationally much more involved. In order
to indicate the general case, the proof of the second lemma is given in full generality, but
the long and tedious computations are only sketched.

Lemma 5.3. For all integers A > 0 there exists a constant C > 0 such that for m — o

E(X,,(m) — EX,,m)* = Cln|®*, (5.14)
uniformly for [nl| = O(m).
Proof. Setz = (z,..., z,) and
aoc
Cna = [2"] ax® D(x, 2)|,1,
X
where z" denotes z7'z5* - - - zj*. Furthermore, let
i—1
. Cn,i
A= E [ X, ) —j) = (5.15)
Cn,0

j=0
Then the moment occurring in (5.14) can now be expressed by

2A 1

E(Xm(n) - EXm(n))zA = E <21A)(_1)IA%AI E SlkAk’ (516)
=0 k=1

where S, denotes the Stirling numbers of the second kind and the empty sum occurring
in the above summation for / = 0 is supposed to be equal to 1.
Hence we have to compute ¢, ,. If we set

¥

=@87j¢1(x, 2|1, (5.17)

dj(Z)
then by Faa di Bruno’s formula (see, e.g., Comtet [4]) we have

al * (d(z)\k

Cna = 2 5 (M. x[2"]g(@)" H 7j. >
k! k! Jj!

2 jki=a o j=1

where (m), := m!/(m — k)!. Thus we have to calculate the coefficient
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¢ ld. kj
[z"]g)" | ] (’](,Z)) . (5.18)

J=1

For this task we use the ideas developed in detail for simpler urn models in [6]. First note
that ¢, , = [2"]g(z)" and that by Taylor’s theorem we have for real z

. £ (ioy
gi(ze') = gi(z)exp| X (],) k(z) + 016"z |,

i=1

where k;; := (zg/(2))/g/(z) and k;;,(z) := zK;(2), forj = 1,1 =1, ..., d. Since there exist
no r, d such that g, # 0 if and only if g;, = r mod d we have moreover |g,(ze'%)| =
g(e %" for some positive constant c. Hence we can apply the saddle point method. If

w; = Kk forl =1,...,d, then the saddle points of g,(z)"z; " forl =1, ..., d are given
by
n 8o Ny n
=wl—]=—=—|1+0(—]].
& Ml(’”) gnm ( (m))
Note that g, # Ofor/ =1,...,dand k = 0, 1, since we allow an urn to be empty or to

contain only one ball regardless of its type. Now define functions k;; by

_(n m n
) = lnl ) e

which are analytic functlons with K,j(O) 1.Letp=(p;,...,py,aswellas@=(6,,...,
0,). Furthermore, define z* := (z}, . . ., z¥). Then applying the saddle point method yields
d 2
glp)" U (”4/)’ _ nl
gy = [ fonl-50+ 550 o2
(2 ) p =1 anIZ(nl/m) =1 I=1j=3 !

k+1

u
+0 mEplT duy - - - dug,
=1 |\

where k(x) = Klj(x)Klz(x) /2 and the integration domain B is given by transforming B =

{(0]16] = (mp)~"***, 1 =1, ..., d} according to the substitutions 6, = u,/\/ n;k,,(n,/n)
forl=1,...,d. Now we could expand this into a series and evaluate the integral. In the

general case (o > 0) this yields some very complicated expressions involving, for
example, Hermite polynomials (cf. [5] for expansions of similar type), which are quite
hard to deal with. Fortunately, we need only some structural properties rather than the
exact expansion in order to complete the proof.

Observe that, if we expand the integrand, except those terms containing only squares
of u,, into a series, set
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g(p)"
Qm)Pp \/h7=1 niRp(ngim)”

V(p,n, m) =

and evaluate the integral we obtain [2"]g(z)" ~ V(p, n, m)(1 + ¢, &, (n/m)/8n,. Using
more terms, this procedure yields a multivariate asymptotic series expansion of the form

n m i nd -1, —Jd
[z"]g(2)" ~ V(p, n, m) > aj e nteong’, (5.20)
A T =]
where a;--j (1, . . ., 1,,) are explicitly computable analytic functions.

The next task is analyzing c,, ., for o > 0, where we have to cope with the additional
factor in (5.18). W.l.o.g. let us assume that the term containing none of the factors z, . . .,
z, vanishes. Then d,(z) can be represented in the form d,(z) = 2j_, cll)(z)zl W1th analytic
functions ¢; ((z). Due to the definition of d; /(z) this implies d; (Z) 21:, cl (Z)Zl, where

¢¥(z) are again analytic functions. Hence, c,, , can be represented as a sum of terms with
the shape (m)glz,1g(z)"K(z) with coefﬁc1ents independent of n and m. Here K4(z) is an
analytic function admitting a representation of the form

d
KB(Z) = 2 ~o Ly, . "Yd(z) n le

Y15 . oS Yd= —
=1
3 v=B

with an analytic functions L., ---y ().
For simplicity, assume that the above sum has only one term. Let L(z) be the additional

factor corresponding to a choice of vy, ..., v, with 2, y; = B. Then we have for z € R?
. . ,w <
L(zie™, ..., z4e"™) = L(z)exp E H Ma) + 0| 2 26|
- +ja>0 1=1 ’ =1
with
(0/9z,,)L(z) 9
A, (2) = Z”Tz)’ Ajte, (2) = Z“T@ A(z) form=1,...,d (5.21)

where e,, denotes the uth unit vector in R?. Thus we can proceed as in the case a = 0.
Set

A(i(zo)s - -y ma(za) ﬁ _

Rpp(x) 72
212

Xj(Z) =

=1

and get
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(m)gL(p)V(p. n, m) S
(m)plz"]g(2)"Kp(z) = an [Tor x| - [exp| =2+
2m) - 2
I=1 B =1
1=jl2
(iwyy y ¢ (iwgY'n 1
—jl2 ~ ~
EE Kl'*+23’1]7 E [I— A& n
. \m| 2T Rn(ulm) >0 1= Jitm? m
4 k+1
U
+0mZpIT— duy - - - duy
=1 |\
with Xj(xl, cees Xy = )_\j I, kp(x) /"*. Expanding the exp-term into a series and

evaluating the integral yields finally an asymptotic series expansion of the form

Y
Cna ™ Z(m)BL(p)V(p,n m > a}‘”(l-n)n- (5.22)

B Jls . .« Ja=0

with ¥ = (v, ..., v, and explicitly computable analytic functions a(] *) Gt s T,
Inserting this into (5.16) implies that, for m — o, E(X,,(n) — EX, (n))2A is asymp-
totically equal to a rational function in ny, ..., n, If we choose sy, ..., s, fixed and
require n, = s,m, . .., n, = sym, then by 5.8 we have E(X,,(n) — E X, (n))** = O(|n[*)
as desired. Since on the one hand this holds for any choice of s, . . ., s, and on the other
hand all terms in (5.22) (and thus in the asymptot1c series for E(X,,, (n) E Xm(n))zA) have
up to constant factors the shape n}" - - ’/n’1 -4, we must have y, + - - + vy, — j, —
- — j, = A. But as to the fact that n]"- - nyd = Bif y; + -+ + v, = B, and above
inequality guarantees the validity of (5.14) for all n satisfying n = O(m) and the proof is
complete. "

In order to prove tightness, by [17, Chap. XIII, Example 1.12] it suffices to show the
following lemma.

Lemma 54. Letn = (n,,...,n,;) and h = (hy, ..., h,). Then there exists a positive
constant C such that

B _ _ 2d+2 d+1
o 1) = X, () :Z:‘Ei(In(n h) = X, ) C(HhH) (5.23)

uniformly for |n|| = O(m) as m — .
Corollary. The sequence Y, (t) is tight.

Proof. In order to treat the difference Z,(n, h) = X,,(n + h) — X, (n), we distinguish
two cases. If ||| = “(m):= X, (n) — E X, (n) and use the crude estimate
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“d+2
E Z,(n, ¥ < > ( ok )E X, (n + h)*E X¢,(n)2d+2 72 (5.24)

k=0

in conjunction with Lemma 5.3.

If |n|| = O(|h|)) does not hold, we may without loss of generality assume that |/h||/|[n]|
— 0. We use the generating function that enumerates the changes of the valuation between
the first and the second batch, i.e., @,(1/x, X, 211, - - - 5 Zg1s 212 « + - » Za2)- S€LZy = (2415 - - - »
Za1)s 2y = (2125 - 5 Zg0), and

uh 9% 1
Cnho-= [lez] ax® ®, ;’ X, 21,2y

x=1
Proceeding as in (5.15)—(5.17), the moment occurring in (5.23) can again be expressed by

2d+2 l

2d +2
E(Z,(n h) - EZ,0 )= 3 ( | )(—UZA%“” > Sud, (5.25)
1=0 k=1
where A; = ¢, /¢, po- If wWe set
p 1 ¥y (1
j(zl’ ZZ) - (1)2(1, 1’ zi, Z2) axj ¢2 % s X, 21, I x:l,

and apply as in the proof of Lemma 5.3 Faa di Bruno’s formula, we are left with the task
of calculating the coefficient

i (dj(Zl’b))kJ (5.26)

[Z7Z}21]¢2(1’ 17 Z, ZZ)m n ]|
=1 '

The calculation of ¢, ; = [z"z%1g(z, + z,)™ can be done in the same manner as the
derivation of (5.20). Let v € N3¢ and let k (z,, z,) and k, denote the cumulants of ¢,(1,
1, z,, Z,) defined analogously to (5.21) and (5.19), respectively. Then the saddle points p,
= (P11>- - Pa) and Py = (1o, - .., pa) Of dy(1, 1, 7y, 2,)"2,"z;" are given by (p;,
p) = W((1/m) - n, (1/m) - h), where p = (W, . . ., My,) is the inverse of (Kel, L., K
Define k,,

€’"

d)Z(l» 1’ P1, pZ)m
Q)P ph T, nihyRe/((1/m) - m, (1/m) - h)Re,, ((1/m) -, (1/m) - h)’

V(p1, p2,m, h, m) =

Then we get as in the proof of the previous lemma
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n_h m E i l —Jh—9
[ZIZZ]qbZ(L 1’ P1, p2) V(Pl, P2, n, hv m) . . aj1~ - -jad1- - -8d n, h|n"h )
Jls ..., ja=0 m m
o1, . . ., 84=0

where a; - 55 (11, . . ., 1) are explicitly computable analytic functions.
Now we turn to ¢,y . for a > 0. Therefore, we first analyze the additional factor
occurring in (5.26). By (2.4) we obtain

d J
ax ba(xy, x2, 21, 0) — P Po(x1, X2, 21, 0)|y =1 = (X2 — xp) P H1(x, 21)]yy=r,=1 = 0
and thus
9 9 ¢ o
d(zy, zp) = aixz boxy, X, 2y, 2p) — aixl ba(x1, X2, 24, Z2)|x1:x2:1 = 2 Cj (21, 22z

=1

with analytic functions ¢{"(z,, z,). As in the proof of Lemma 5.3, the definition of d(z,,
z,) guarantees that there exist analytic functions c{’(z,, z,) such that d(z,, z,) = >
c(z,, 2,)z;,. Hence Cnn.o Can be represented as a sum of terms ‘with the shape
(m)B[z'l’z'Z’]d>2(1, 1, p1, p2)"Kg(2,, 2,) with coefficients independent of n, h, and m and an
analytic function Kg(z,, z,) of the form

d
KB(ZI, ) = E Ly1~ . -w(zl’ 7)) H ZZVZI’
Yis - o oy ¥a=0 =1
2 y=B

where L, -- -y (z,, 2,) is again analytic.
As above, we assume that this sum has only one term, denoted by L(z,, z,) and
corresponding to a choice of vy,, ..., y, with X, y; = B. Then we have for z,, z, € R?

L(leeiell, ey Zdleiadl, Z]zeielz, ey Zdzeiedz) = L(Zl, Z2)
d <10,V (10"
X eXp E j[l!j[z' )\jliz(zl’ ZZ)

ji+- - Hjaitjizte - +jae>0 =1

d d

+0 E le|6fl+1| + 2 212|6§2H| >
=1 =1

where A;;, are the cumulants of L(z,, z,) defined analogously to (5.21). Thus we can
proceed as in the case a = 0. Set

N (zi1)s - - - azan), ma(z12)s - - - malzan))

a1 2212t a2

)_fjl,/z(ll, 7)) =
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aswell asj! = (i, ...,j)! =119 jland M := {0, 1,2, ..., k}. Then we get (cf. proof
of the previous lemma)

(m)gL(py1, p2)V(p1, p2. 0, h, m)

h
(m) gl z123]18(2) + 2,)"Kp(2,, 20) = 2 H ph
d 2
up (iuq)"* (iuz)? 1 1
X |- lexpl =2 —+ X — ' PR PR G —n,—h
B o 2 ggpemd it Jj! m ' m
Il l2li=2
+ E Yi =
=1 1K12(h1/m)
¢ < (iup Y (iupyny R P 1
+ E H 1 'md AJ'II'Z ;m,;-h
S A - >0 =1 Jnin!
k1 ., k1

un up
+0mzpn r +0m2p127\/}7 duyy - dugidugy - - - dugy
\ 1=1 1

with A (xp, ..., xg) = Ay, TIL ) Kppo(x, x44) /077272, Expanding the exp-term into a

series and evaluatmg the integral yields finally an asymptotic series expansion of the form

(m)g ¢ o1\
Coha™~ 2§ P Lipi. p)Vipr. pm,hom) [0 X a5 . mohin h?

_ Jiy .« .5 ja=0,
B I=1 81,...,064=0
(5.27)
with explicitly computable analytic functions a;?) adr ..., by
Arguing as in the proof of the previous lemma, we choose arbitrary constants s, . . .,
sgand ¢y, ..., t;and require n; = sym, ..., n; = s;mand h; = tym, ..., hy = t;m. Then

by (5.8) we have E Z,(n, h)***? = 0(||h||‘”‘). On the other hand, inserting (5.27) into
(5.25), shows that E Z,(n, h)>***2 is for m — o asymptotically equal to a rational function
inng,...,ng hy, ..., h,;all terms of which have the shape

A ki (5.28)
nj]'--~nglh?l~~~h?d :
if we neglect constant factors. Thus
Vit oty =6 =81 ja=d+ 1,

and (5.28) can be rewritten as
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Wl
[ A R ——
1 d _j1 Jd
n . .. n

with ¥} + - -+ + v, =d + 1. Assume without loss of generality that equality holds. If e,
(hi/n;y: = 0O(1), then

/'1' - hJ;
Y e [
1 o .. nd

and we would be finished. If II?_, (h/n,Y" is not bounded, then we may assume IT7_,
(h/n;Y: — . In this case set h, = t;m, fori = 1, . . ., d, with ¢, lying in an interval bounded
away from zero. On the one hand, this implies the existence of a positive constant C such
that ) - - B = C|||**" and consequently

Jji Jd
SO

h?'f Y > |4+ (5.29)
nl- .. nd

since we still have T1¢_, (h/n;Y* — . On the other hand, by [|n]| = O(m) we have now ||n]|
= O(||A|)) and thus (5.29) contradicts the conclusion of (5.24) and Lemma 5.3. .
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