A UNIFIED PRESENTATION OF SOME URN MODELS

MICHAEL DRMOTA*, DANIELE GARDY**, AND BERNHARD GITTENBERGER*

ABSTRACT. For a sequence of m urns we investigate how the number of urns satisfying a certain
condition (e.g. being empty) evolves in time when after each time unit a ball is thrown. We
show for a variety of urn models that this process (suitably normalized) converges weakly to a
Gaussian process.

1. INTRODUCTION

Consider a sequence of m urns into which we throw balls according to some rules. The balls
are thrown one at a time and independently. Moreover, we assume that the balls are usually
undistinguishable.

Assign to each urn U a valuation Y (U) that is a real valued random variable and is additive,
i.e. when we allocate balls in batches the final value of Y(U) is the sum of the values for each
batch considered separately. Furthermore, let £ be a subset of the set of possible values of Y (U).
We are interested in the random variable X equal to the number of urns U such that Y (U) € &:

X = Z Ly (w,yee-
i=1

We will deal with several urn models which are covered by the following two cases:

o If we are interested in the number of urns having a specified number of balls, then Y (U) is
the number of balls in the urn U, the set £ is the set of the required numbers for a single urn,
and is a subset of the natural integers. For example, empty urns (which have been studied
in [11]) correspond to & = {0}, urns with exactly » balls to £ = {r}, and urns with at most
7 ballsto £ =[0...7].

e When we allocate balls of two colors (say red and blue), and consider the urns having a
specified balance, Y (U) is the balance of the urn, i.e. the difference between the number of
blue balls and the number of red balls, and the set £ of required balances is a subset of
the set of relative integers. For example, balanced urns are obtained for £ = {0}, urns with
balance r for & = {r}, and urns with positive balance for £ = N. For previous work dealing
with this case see [3].

We shall prove in this paper that, when the balls are thrown at each unit time the process
associated to the number of urns with a specified number of balls or a specified balance converges
weakly towards a Gaussian process, whose covariance matrix can be explicitely computed.

2. A GENERAL MODEL

We are interested in the stochastic process X,,(n), n=10,1,2,..., defined by the value of X at
the time when exactly n balls have been thrown into the set of m urns. We will study the behavior
of this process as m — oc. Consider for a moment the case where Y (U) equals the number of
balls and £ has the shape & = {r,r+ 1,74+ 2,...}. If at some time ¢; an urn satisfies Y (U) € &,
it will satisfy this condition for all the times ¢35 > ;. In such cases (we expect that) the limiting
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process (as m — oco) will be a Markov process (compare with Section 2.3). In the other cases this
does not hold: An urn may satisfy Y (U) € € at some time ¢1, but not at a further time t5 > ;.
This is obvious for the models with two types of balls, and this also holds for the number of urns
with exactly or at most r balls. In these cases the limiting process will (probably) be non-Markov
(compare with Section 2.3).

In this section we will first describe a generating function approach to the problem of empty
urns which was studied by Kolchin et al.[11] (In fact they also studied the more general case of
urns with exactly r balls). Afterwards we will present a generalization of this model and some
examples covered by the general model.

2.1. The number of empty urns. We will apply the generating function technique for combina-
torial enumeration (for an introduction to this method see e.g. [5, 9]). We have undistinguishable
balls and distinguishable urns and thus we will use generating functions which are exponential
w.r.t. the balls and ordinary w.r.t. the urns. As there is only one way to throw n balls into a single
urn, the generating function of one urn is e* and the generating function of a set of m urns is
given by ™% where z marks the balls. We introduce the variable z in order to mark the empty
urns. This leads to the generating function
Dy (2x,2) = (e + 2 — l)m .

In this setup we have
[ k)@ (2, )

[z"]®1(z,1)
We are interested in asymptotic distributional properties in the central domain, i.e. when the ratio
of the number of balls n and the number of urns m either tends to a constant or belongs to a
compact set of ]0, +oo[. From (2.1) we get

ny 0 n
=—®(z,1 1
EXm(n):M:m 1— — ~m€*9’
[z7]®(z,1) m
for m — oo and n/m — 6 > 0. The variance is
[Zn]aa_;q)l(z’ 1)
["]@(2, 1)

wo=(1-2) n (1= 2) - 1-2)
~ me (1= (1 +0)?).

The generating function for the bi-dimensional distribution is

Bs (21, 22, 21, 22) = ((e¥* — 1)e*> + &1(e*> — 1) + x122)"

P{Xpn(n) =k} = (2.1)

VarX,,(n)

and here we have

[0 222 ab? )@ (21, 20, 21, 20)

[ 257]®a (21, 25, 1,1)

P{Xm(n1) = ki, Xpm(n1 +n2) = ko } =

The asymptotic covariance at (normalized) times ;m and am is me=%2 (1 — (14 6;)e=%); it
is factorized w.r.t. 1 and @5, which means that the limiting process is Markovian. (For a proof of
the existence of the limiting process see [11, Ch. IV]; for a relationship between the existence of a
factorized form and the Markov property see [12])

The function marking the urns whose state has changed between the times ¢ and t5 is

b(xz, 21, 22) = (ez1+’32 + (z—1)(e™ — 1))m

and the g.f. describing the multivariate (d-dimensional) distributions is

m
d d

Dy(z1,..., 24, 1,...,2q9) = Z(e““—l)exp Z zj H:cj (2.2)
j=1

i=0 j=i+2
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2.2. General g.f.-model. We will now generalize the model described in the previous section.
Let g(z) be the generating function enumerating the allocation of balls into a single urn, and f(z)
the function enumerating those allocations such that Y € £. Furthermore, let us assume that g(z)
and f(z) are entire functions. As before we mark the balls by z and the urns satisfying Y(U) € &
by x. Then the generating function describing the allocations of balls in the m urns is

De1(z,2) = (9(2) + (= = Df(z)™.
As can be seen from (2.1), the idea is to extract the coefficients [:"]®¢ 1(z, 2), [z"2*]®¢ 1 (2, 2),
and their multivariate analoga. ®¢ 1(z, ) is analytic w.r.t. z and we can use a saddle point ap-
proximation. The shape of ®¢ 1(x, z) allows a straight forward application of the results of Bender

and Richmond ([1]), which gives directly the convergence towards a Gaussian distribution. The
asymptotic mean is obtained by a saddle point approximation: We have

["1/(=)g ()" "
["]g (=)
md(P)
9(p)
where p is the solution of the saddle point equation z¢’(z)/g(z) = n/m. The normalizing factor

EXp(n) = m

which keeps appearing in the sequel is given by

PV 2rm s?

with s = p%¢"(p )/g( ) = (pg'(p)/9(p))? + pg’(p)/9(p). In the frequent case where g(z) = e* we
get p = n/m and s? = p and thus the above equation transforms to

["]{e™*} ~

and we reobtain Stirling’s approximation of n!.

To cope with the multivariate distribution define ¢g 4(21,...,2a;21,...,24) as the generat-
ing function enumerating all the possible allocations in a single urn, where we use the variables
z1,...,2q4 to mark the balls allocated before the time 61, then between 6, and 6, etc., and the
variables 1, ..., 24 to mark the urns U such that Y(U) € £ at the times 6,...,684. Of course
the generating function relative to the system of m urns will be ®¢ 4 = ¢¢';. Now we can get a

(1+0o(1)),

mn

V2mn (nfe)n’

recurrence equation on the ¢g 4 by a “renewal” argument as follows.

Consider a sequence of times 61,...,684, and partition the allocations into an urn U according
to the first time 6, when Y(U) € £ (1 < { < d),1.e.,{ =min{i: Y(U, ;) € € where Y (U, 6;) equals
to Y(U) evaluated at time 6;.

For the case where Y (U, ) never belongs to &, i.e., for [ = oo, define Kg441(21,...,24) as the
function enumerating those allocations. Of course, there is no occurrence of any z;.

IfY(U,-) € € does not hold for 6y, ...,6,_1, but holds for #;, then we enumerate the allocations
up to and including time 6; by a function z;K;(z1, ...,z ). Note, that only z; for ¢ < [ appear,
since we stop counting at time 6;. Hence we must also enumerate the allocations after the time
0,. For i > I, define Z;(U) := Y(U,6;) — Y(U,0;), which can due to additivity be interpreted as
the value of Y if the allocations between #; (excluded) and #; had been done into an empty urn.
Assume that Y(U, ;) = r for some r € £ and define

E—r={y:y+re&}.

Then Y (U,#;) € € if and only if Z(U) € £ — r. Hence the allocations after the time #;, knowing
that Y has value r at the time 6;, are described by the function ¢g_, g (241, ..., 24 2141, - - -, 2a)-
Putting all this together gives

be a1, . 2as 21, -, 2q) = Kaqga(21,. .., 2q)

d
—|—Z$1K£(21, ) E¢£—r,d—l(l‘t+1, A AR - 2d). (2.3)

re€
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For the two classes of examples mentioned in the introduction we obtain:

e For Y (U) equal to the number of balls in the urn,

1 T

- _ 2 4
I\l(Zl,...,Z[)_ Z nllnll (lgd)
N1,..,N0
where the sum is for ny,... ,nysuchthat ny ¢ €, ... jny+-- 41 €€ andni+--+n € €,
and .
LY d
. _ 2y i
Kap1(z1,...,24) = Z porREErt
n1,...,Na !
where the sum is for ny,...,ngsuch that ny € €, ... ;n1+---+ng ¢ €.

e For colored balls and Y (U) equal to the balance of the urn,

Ki(a,..on)= Y In,2a)...L,(22),

where the sum is for ny,...,nysuchthat ny ¢ €, ... ;ni+--4+n_1 €€andni+--+n; € &,
and where the I,,(z) are Bessel functions (details see [3]), and

Kapi(z1,za) = Y I (221) - Iny(220),
ni,...,d
where the sum is for ny,...,ngsuch that ny € €, ..., n1+---+ng ¢ €.

We will show the following theorem:

Theorem 2.1. Let X,,(|mt]), t > 0, be the process associated to allocating balls into urns of a
general urn model such that the generating functions describing the allocation process have the
shape

Qe g(x1, ..., 24,21, .-, 2d) = ¢e.a(®1, ..., xq,21, ..., 2a)"
where ¢g 4 satisfies a recurrence relation of the form (2.3) with entire functions K;. Then the
following weak limit theorem holds:

X t]) — FX t]) w
Ym(t) = m([m J) m(l_m J) —)G(t)
vm
where G(t) is a centered Gaussian process with continuous sample paths. The covariance function
B, 5,1 >0, is given by

0*(log As t(e"r,e"?))

Bs,t = Bt,s = (24)
aulauQ u1=0,u2=0
if s <t with
be2(x1, 22,71, 72
M a(o1, 02) = 25 ( )21, )

Ty
where r1 = (21,22, 8,t) and ro = ro(21, 22, 5,1t) are the saddle points, which are defined by the
equations in z1 and zy

71 0¢g2/0z21 = S o; (2.5)
20 0¢g 2/0z0 = (L — 8)dg 2,
and by
9% (log A (e
B = S @)
with
As(z) = L’lr(f’r)

where r = r(x, s) is the saddle point defined by the equation in z
z0¢g1/0z = s¢g 1. (2.8)
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Remark 1. Note that by the limiting process G(t) is a Markov process if and only if the covariance
can be factorized in the form B, ; = b1(s)ba2(t) (see [12]).

Remark 2. It should be mentioned that the assumption of the above functions to be entire is not a
necessity. We actually require that any saddle point considered during the evaluation of a Cauchy
integral throughout the proof is closer to the origin than any singularity of the integrand.

Corollary. Under the assumptions of Theorem 2.1, the limiting variance is
) N\ 2
f f sg pf
VarXpm(n) ~m=|1—= |1+ — - 1—— ,
m{n) ~my 9 s99” — (s — 1)g" sf

where the functions f, g and their deriwatives are evaluated at the point p solution of the saddle
point equation : zg,(z) = sg(z) with s = n/m.

As a consequence, we have a general formula for the variance, for a fixed allocation scheme
described by the function g(z). We give below the variances for some examples we shall consider
in the next subsection.

Corollary. For the classical allocation scheme (g(z) = e* ),

VarX,(n) ~mf(s)e™ | 1- f(s)e™ 1+s(1—f’(5))

J(s)

For the allocation scheme on bounded urns (g(z) = (14 2)°), and taking p = s/(6 — s),

7

Var,,() ~mflo) (1=5)" (1= 100 (1=5) 1+ 5725 (l_ <af(p)<p>)

—s)f

For the classical allocation scheme with colored balls (g(z) = %),

VarXm,(n) ~mf(s/2)e™ | 1 — f(s/2)e™® |1+ (1 -

2f(s/2)

£ (s/2) )

For the allocation scheme on bounded wrns and colored balls (g(z) = (1 + 22)°), and taking p =
s/2(0 — s),

VarXm(n) ~ mf(p) (1_2)6 1= 1) (1- %)6 b a(iss (1_ 2(6{(5))]3(/’))

2.3. Further examples. We present in this part applications of our theorem to some problems

relative to the number of urns satisfying some condition of the kind specified number of balls or
specified balance. For each of them, we shall give the basic generating functions ¢(z) and f(2),
the multivariate functions &4 (with an emphasis on ®; and &5, which determine the moments,
hence the limiting Gaussian process), and either the exact formulae or the asymptotic expressions
for the mean value, variance and covariance. Asymptotics for the mean value and variance are for
n/m — §; for the covariance the number of balls up to the (normalized) time 6, is n; such that
ni/m — 61 and the number of balls between the times 6, and 65 is ny such that (nq+ns)/m — 6s.
Some of the results presented below can be found in the literature, others, to the best of our
knowledge, are new.

2.3.1. Variations on the number of empty urns. In the classical case, the balls are undistinguish-
able, g(z) = €%, the valuation Y (U) is equal to the number of balls in the urn, the set & is {0},
and f(z) = 1. A variation of this model occurs when studying some database parameter : the size
of a projection in a relation without functional dependency [6]. Roughly speaking, the parameter
of interest is the number of non-empty urns, when the balls are distinguishable and the urns have
a bounded size §. Such an urn can be seen as a sequence of § distinguishable cells, each of which
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can receive at most one ball; allocating n balls into an urn is equivalent to choosing the n cells
that receive a ball : g, = (i) and g(z) = (1+ 2)°.

This leads us to consider the number of empty urns in a general case, when the allocation of
balls into an urn is described by an ordinary or exponential function g(z); this covers the classical
case of empty urns (g(z) exponential and equal to e*) and the case of projections (¢g(z) ordinary
and equal to (1 + 2)%). The set £ is the same, and f(z) = 1. The generating function describing
empty urns is

Oy(z;2) = (9(z) +x—1)".

The generating function for the bi-dimensional distribution is

Do(21, 203 21, 22) = ((9(21) — )g(22) + 21(g(22) — 1) + z122)™ .

The multivariate generating function associated to the finite-dimensional distribution is an exten-
sion of the function for the classical case :

a1, ... g, 21,...,24) = Z 1.2 fi(z1, ..., za); (2.9)
0<j<d
fita,ovza) = (9(z41) = 1) 9(z42) - 9(2a)- (2.10)

Let us define v(i,n) = [2"]{g(2)™~"}. When the parameter n is proportional to m, we can get an
asymptotic development of the coefficients (¢, n) for fixed i € {0, 1,2} [4]. The mean value is

VarX,(N) = m(m_1)7(2’n)+ 7(1,71)_( 7(1,n))2

7(0,m) T "50,0) ~ \5(00)

and the covariance at (normalized) times 6, and 05 is

_ o (1(2n1) v(me) (1 na) y(1,ma + o)
Cov[X(n1),X(n1+n2)] = m (7(0’711) (0.12) — 0.0 30 m +n2))
m 7(17711) _ 7(2’”’1) 7(1’77'2)
" (wo,m) 7<o,n1>> 7(0.m2)

Applying this to g(2) = (1+2)°, we find again (cf. [6, 8]) that the projection size converges weakly
to a non-Markovian process with mean value and variance

()5

VarXy,(n) = m? {((m:ﬁ)é) - <(m;1)6) ((m—z)é)

(") (9)° z

EXp,(n)

+m +

<<’”;”5>]

() )

< (8 P (D) ()

((m=1)5) ((m=1)8)
Cov [Xn(n1), Xpn(n1 4 ns)] = m? (mnfianz) (1 - nil)
ni1+na

(7o) (D (R0
() ( () (") )

< (=5) (-5 (-8 ()]

Its covariance 1s

—m(m — 1)
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2.3.2. Number of urns when the number of balls satisfies some condition. We begin by studying the
number of urns with ezactly r balls (see [11] for a different presentation of some of these results);
of course this includes the number of empty urns. Here again, the balls are undistinguishable, with
g(z) = €%, and Y(U) is the number of balls in the urn. The set £ is {r}, and f(z) = 2" /rl.

By (2 2) = (ez +(a— 1)”)7”.

7l

The mean value is

2mb

n)(m—l)— o, (H(zr—e)e—r(r—n)

The variance 1s

Varko(n) = mim-1) (") (m—2"> ()
()=
(5 5)

Define h(z1, 22) == ) gcper (25 /) (z57%/(r — k)!): this function enumerates the allocations that
put strictly less than r balls into an urn at the time ¢{, and exactly » balls at the time ¢5. Then

Qo(21, 225 21, 22) =
r T T m
((ezl — —) e’ —h(z1,22) + xlr—ll(ezz — 1)+ ash(z1,22) + xlxzr—ll) .
For any urn, the condition Y (U) = r is not satisfied at the beginning, and may never hold; if
at some point it 1s satisfied, after some time it will cease to hold. The functions describing the
finite-dimensional distributions are

d
$a=e T T LN fi(en, o) (@ivaci(zig, 2 Big, . wg) — e
=1
where f; is defined by
l I, r—(4+)
fi= Y Ak dip

Lt tli<r
and where vy describes the allocation of d batches into a single urn, and is the function we met
while studying empty urns : v, is the function ¢4 of Equation (2.2). The covariance is [11, p. 181]

Cov[X(n1),X(n1 +ns)] =
np 1IN/ 1\"

m(f)(lm) (m) :

(62 {2 (1) -2 )

et (12 B (14 LU0,

?“! 2

When r = 0, we get back the expression for empty urns. For » # 0, the covariance cannot be
factored w.r.t. ; and 5, and the limiting process is not Markovian.

We can extend these results when the allocation of balls into a single urn is described by a
function g(z) = 3, g;2*. The function f(z) is now g, 2", and

@ (z;2) = (9(2) + (& = 1)g,2")"
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The mean value 1s
,

B () = gy IOy 82000

)
[z"]g(z)™ 9(p(0))

with p(#) defined, as usual, by the saddle-point equation : I( )/g(z) = 6. The variance is
[

Y a1 O Gl 1
VarX,,(n) = m(m—1)g; [2")g(z)™ +mar [2"]g ()™
gr( [Z”]g(z)m ) .

The function enumerating the allocations that put strictly less than r balls into an urn at the time
t1, and a total of exactly r balls at the time t2, is h(z1, 22) = > g ) 9k Gr—k 2K 25=% Then

By, 29521, 29) =
((9(21) = g9r27) 9(22) = h(z1, 22) + 219,27 (9(22) = 1) + 22h(21, 22) + &1@0g,27)"

The functions describing the finite-dimensional distributions are ®; = ¢7', with

¢a = g(21)---g(2d)

+Zfz 21, 2) (Tiva—i(zig1, oo 2di Tigas oo @) — 9(zig1) - 9(24))

where vy is again the function ¢4 associated with empty urns, and is defined here by the equa-
tion (2.9), and where the f; are such that

l l; +o 4l
fiv1 = Z (PR N > g(r‘—ll—wl,)'zz.}_l( ! ).
4+ <r

The covariance can be expressed as a function of the coefficients y(i, n) := [z"]g(z)™ " :

. y(1,n2) [(~v(1,n; —7) . ~(2,n1 —7)
Con(Xon (), (s 4 m2)) = g, 222 (Mt =)y, 2B 1))

2,2 (1, n1 +ny—7) y(I,n1 =)
! 7(0,77,1 —{—7’L2) ’)/(0,7’1,1) .

For example, if we consider bounded urns, we get
N( oY 0\’
sxan) ~ () (75) (1-3)
§ 0\’ 0\° 5 0 \" 0\’ 5(0 — r)?
Xon ~ — 1— = 1— — 1— = 14 ———1].
v ~ () (55) (1=5) [ () () (-5) (+362%)

As regards the asymptotic covariance, we can compute its asymptotic value for a given r.
If we consider now the number of urns with at most r balls, in the classical case ¢(z) = €7, the

set & is [0..r] and f(2) = e, (2), with e, (2) = 3 5<;<, 2 /il
Qq(z;2) = (67 —er(2) + mer (2))™.

The average number of urns with at most r balls is

EX(n) = mmn—i[z"]{e,n(z) elm=1z} = mZ (7;) (1—1/m)" " m™" ~ me,(8)e".

The variance can be obtained explicitely; its asymptotic value is

VarX,,(n) ~ me™? (er(é’) — et [63(0) + 92”'1/7“!2]) )
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The generating function marking the urns that have at most r balls, after throwing the balls in
two batches, is @5 = ¢7', with

Ga(@1, 22321, 22) =

2 2
[e"t — e, (z1)] €2 + 21 | e, (21) €72 — Z ﬁer,i(zz) + xix9 Z Z,—}er,i(zg).

0<i<r 0<i<r

The finite-dimensional distribution is described by the function
-1
g =TT 4 le ooz (R fi = fiva) efitet e Loy f,
j=1

where the functions f; are defined, for j > 1, as

: |§, -

2 z
fj(zl,...,zj): Z 2—1'

! i
i< L J

The covariance 1s

Cov  [Xm(n1), Xm(ni+n2)]=m Y <n1 -]L- nz) (1 ~ %>n1+nzk (é)k
ey 2L GOO0-D)T0-TET
(2 00-H7E) (26

—9 —f 971‘+10§
~ me 2 (67'(02)_6 1 <€r(61)er(92)+ r! )) :

In the general case, where the function describing the allocation of balls into an urn is no longer e?,
but any function g(z) =", g:z" with suitable coefficients, we can get a similar expression for the
functions ¢4. We shall use the functions h,(z) := 3, ., gizt and k(z1,22) := Dy Gi 2 he_i(29);
then - 7

Di(z;2) = (9(2) + (2 = Dhe(2)™;
Do(ry, w0521, 29) = (g(21)g(z2) + (w1 — D) he(21)g(z2) + z1(ws — )k (21, 22))™

The mean value is asymptotically

with p defined, as usual, by the equation zgl(z)/g(z) = 0. Now the multivariate functions are given

by

da = g(z1) - -g(za) +
d-1
z1.xy (9(z41) 05 — fivn) 9(zj42) - -9(zd) + 21 24 fas
j=1
with i = Giy -G, 2. Z;]
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2.3.3. Urns with colored balls. Here the balls can have two colors, let’s say red and blue, and the
state of an urn 1s defined by its balance, i.e. by the difference number of blue balls minus number
of red balls, which is a relative integer : the valuation Y (U) is the balance of the urn. We begin
by the number of balanced urns. We have undistinguishable balls : g(z) = ¢%?; the condition to
be satisfied is : FEither the urn is empty, or the numbers of blue and red balls are equal, which
corresponds to a set & = {0}, and the function describing the allocations leading to a balanced
urn is a Bessel coefficient : f(z) = In(22) =, 5, 22" /(n!)?. We have

Dy (z;2) = (622 + (z — 1)[0(2z))m .

The average number of balanced urns is

ern e (1) (- 2) ()

The exact variance has a complicated expression, and is given in [3]; its asymptotic value is
VarXm,(n) ~me™" (In(0) — e " I3 (0) — 0e™°[1o(0) — 1 (0)]?) .
The generating function marking the urns that are balanced at two different times is ®5 = ¢7*,
with
Go(w1, w05 21, 20) = P22 [0(221)e?%2 — Io(2(21 + 22)) + I0(221) 10 (222)

+$1[0(221)[62z2 — 10(222)]
—I—QL‘Q[Io(Q(Zl + Zz)) — [0(221) 10(222))]
+I‘1$2[0(2Z1) 10(222).

The asymptotic covariance is
me”"[Lo(01) 1o (02 — 01) — e~ [01(To(01) — L1(61)) (Lo (62) — L1(62)) + Lo(61) 1o (02)]].
When we throw the balls in d batches, we obtain

Kz, ) = Y 1y (221).0g,(221), (2.11)

where the summation is on ¢, ..., ¢; such that ¢1 0, ¢1+¢2 #0, ..., ¢1 + ... +qi—1 # 0 (the urn is
not balanced at 6y, ...,0,_1), but ¢1 +...+ ¢, = 0 (the urn is balanced at the time ;). This formula
extends to [ = d + 1, but here the summation is on ¢1, ..., ¢4+1 such that ¢1 #0, g1 + g2 £ 0, ...,
and q1 + ... + g44+1 # 0. For a given [, it is possible to simplify further the functions K;, using the
following property of the Bessel coefficients, where the summation is for relative integers ¢; such
that g+ ...+ q=n:

L(zi4 ot z)= Y g (21)- Iy (21)-
q1,---41
Such a transformation was already applied to obtain the expression of ®5 given above; for d = 3
for example we obtain

[{3(21, Z2, 23) = [0(221 —|— 222 —|— 223) — 10(221 —|— 222)]0(23)
—10(221)10(222 + 223)) =+ ]0(221)[0(222)]0(2Z3)

We can extend the preceding results for a general allocation scheme described by a function
g(z). We shall use the functions f, enumerating the allocations into an urn that lead to a balance ¢

in this urn :
1 2
foy) = [2%g (y (Z + ;)) = (qJ; p)gq+2pyq“”-

P

For ¢ = 0 we obtain fo(y) = Zp (pr)yzpy%, and

@y (2;2) = (9(22) + (2 = 1) fo(2))™ -



A UNIFIED PRESENTATION OF SOME URN MODELS 11

The average number of balanced urns is
["]{fo(2)g(22)™ "}
[2"]g(22)™
with p defined by the equation 229 (22)/9(2z) = 6. When we throw the balls in d batches, the only

difference with the classical case is in the definition of the functions K;, which will not simplify as
much as when dealing with Bessel coefficients. The equations defining these functions are

Kz, ) = > fu(a)efalz)  (1<1<d+1)
g1y

EXp(n) =m ~mfo(p)/9(2p),

where the summations are the same as the ones for the equation (2.11).

Consider now the number of urns with balance q. We begin with the classical case :
g(z) = €. The set &€ is {¢}, and the function describing this is f(z) = I,(22), with I,(z) =
En:n+q>0(z/2)2"+q/n!(n + ¢)! a Bessel coefficient :

Dy (z;2) = (622 + (z — 1)Iq(2z))m )

The average number of urns with balance ¢ is

n 1 n—2p—q 1 2p+gq ; 5
FX,, = 11— — — ~ ml, -
" mzp: (p,p+q) ( m) (2m> e

and its asymptotic variance is
1
VarX,,(n) ~me™* (fq(e) —e"12(0) — 1 e~ (I,-1(0) — 21,(0) + Iq+1(6))2> .
What about the multivariate function ¢4 associated to d batches? For d = 2, we have
Go(x1, 29521, 20) = e2r1t222 [I4(221 + 224) — ]q(221)(62’22 — Iy(222))]

+x1[q(221)(6222 — [0(222))

—f—l‘z[Iq(QZl + 222) - Iq(QZl)Io(QZQ)]

+1‘11‘2[q(22’1)10(222).
The asymptotic covariance is

m 6_92 (Iq(gl)lo(gz — 01) — 6_91Fq(91 s 92)),
with
Fo(0r,02) = 01(1g(01) — Lg41(01))(Lg(02) (1 — q/02) — Lg11(02))
—qlg(01)(I(02) = Ig41(02)) + Ig(01)14(62) (1 + 47 /62).
For general d, the multivariate functions are defined from
Kz onm) = Y Ig (221)..04(221),
q1,-q

where the summation for 1 <! <disonqy,...,qsuchthat 1 Zp,q1+q2 #p, ..., 1 +...+q-1 #p
but ¢q1 + ...+ q; = p; for l = d + 1 the summation is on ¢y, ..., gq+1 such that g1 # p, ¢1 + ¢2 # p,
cyand q1 + ... + qap1 # p. Of course, for ¢ = 0 all the results of this part are simply those relative
to the number of balanced urns.

When considering urns with balance ¢ in the general case, we obtain results similar to the
preceding ones, deduced from them by substituting g(z) for e*, and general f, for the I,. We
have to take care not to use any expression of the kind I,(z1 4+ 22 + ...), which is usually obtained
from a summation on products of some functions I,, by taking advantage of properties of Bessel
coefficients, but otherwise the results translate nicely.

We finally turn to the number of urns with (strictly) positive balance. In the classical case, we
have g(z) = ¢*, and the set £ becomes £ = N. The function enumerating the states satisfying & is

F(z) =D 1y(22).

q>0
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We have that

m

Qy(z;2) = (62Z + (z — 1)f(z))

The average number of urns with positive balance is

[2"]{f(2)g(22)™ "1} o o
EX,(n)=m ~me " f(8/2) ~ me 1,(0).
) = ) (012) =m0
To simplify the asymptotic variance, we use the relation I(I] (t) = (1/2)(I4=1(t) + Iy41(t)), which
gives f(z) = 2f(2) + 10(22) — I,(22); we get
VarX,(n) ~me™" (f(0/2) —e™? £2(0/2) — 0= [£(0/2) + Io(0) — I (0)]) .
The function marking the urns that have a positive balance at two different times is
Oy (21,22;21,22) =
(e21F2%2 4 () — 1) f(21)e?™ + (2a — 1) f(21, 22) + (x1 — 1) (22 — 1)S(21, 22))",
with the function S(z1, z2) defined in [3] :
S(e1,22) = > D (221) 1, (222).
p1>0,p1+p2>0

We can generalize this to the number of urns with balance greater than some bound. We have here
g(z) = €%, and the set £ becomes [p... + oco[. The function enumerating such states is

F(z) =D I,(22).
qzp
We have that

m

D (z;2) = (62’Z + (z — l)f(z))

The average number of urns with positive balance is

R
EX,(n) = Tle@ F(0/2) = > 1,(0).

We have here fl(z) = 2f(2) + I,-1(22) — 1,(22); we get
VarXm(n) ~me=" (£(0/2) — =P £2(6/2) — 0= [£(0/2) + 1,-1(0) — 1,(0)]?) .

We turn now to the functions describing what happens in a single urn when we allocate the balls

in d batches. We have

q>p

Ki(z1,m) = Y g (21). Ay (21),
g1,
with the summation being on the ¢; such that ¢ <p, ... 1+ ...+ -1 <pbut g1+ ...+ >p
(or g1 + ...+ @ < p for K441). Of course there is the usual possibility of extension to urns of a
different type and a basic enumerating function g(z).

3. PROOF oF THEOREM 2.1

In order to prove Theorem 2.1 we first have to show that there exists a process with a.s.
continuous sample paths the f.d.d.’s of which are characterized by the limiting .d.d.’s of Y;,, (¢).
Afterwards we have to prove that this process is in fact the limit. As we are working in the space
C'[0,00) this can be done via [2, Theorem 12.3]: We only have to show the weak convergence of
the f.d.d.’s and that the sequence Y, (t) is tight. Tt follows immediately by [1] that the limiting
distributions of the f.d.d.’s are centered Gaussian distributions with covariance matrices given by
(2.4) and these are exactly the f.d.d.’s of G(¢) by construction.

By [13, Chap. I, Proposition 3.7] the existence of a centered Gaussian process having the
same covariance matrices (and thus f.d.d.’s) as (G(t) is guaranteed by the convergence of the
covariance matrices of Yy, (¢) to a limit determined by (2.4) which defines a positive semi-definite
function. Thus we only have to show continuity of the sample paths. This can be done by means
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of Kolmogorov’s criterion (see [13, Chap. I, Theorem 1.8], or more generally by the Kolmogorov-
Centsov theorem, see [10, Theorem 2.8]):

Theorem 3.1. A real-valued process X for which there exist three constants o, 3, C' > 0 such
that

E[IX(t+h) = X(1)]*] < CA'*7,

for every t and h, has a modification with a.s. continuous sample paths. The same holds on the
space C[0,T] with t,t + h < T.

The fact that G(t) satisfies this criterion follows immediately by

Lemma 3.1. We have
E(G(t) — Gt +5)* = O (s?),
uniformly for t = O (1)

Proof. For Gaussian processes we have

1
E(G(t) — G(t + 5))4 = g(Bt’t — 2Bt,t+s + Bt-}—s,t-{-s)z
Hence, it is sufficient to show
Bitts — Bry = O (s) (3.1)

uniformly for ¢ = O (1). In what follows we will only discuss the difference By ;4 — By with s > 0.
The remaining case can be managed in the same way.

First, let us consider B;;. We use the representation ® = ¥g 1(z,7)) = g(r) + (z — )k(r).
Furthermore, for simplicity use ¢’ = ¢'(r) for the derivative with respect to r and the index-
notation f; for the derivative with respect to x. By definition

g're +k N 92+ 2k vy + ¢ e (e +R)?

Bt t -
g g g?

)

k n g"'rl 4+ 2k'r, 3 2eq'ry + k2

g g g

7y and 7y, (evaluate at = 1) can be derived by implicit differentiation:
th — rk'
g/ + Tg” _ tgﬂ
r%(rg”’ +tg") + rp(rk” — k+tk' —trk”)
g/ + rg“ _ tg’

ry =

rﬂ.’lf -
The definition of By ;4 (s > 0) is much more involved. Here we use the representation

Qe o(m1, 29,71, 72) = fi(ri,ra) + 21 fo(rr, ra) + 2o fa(ry, o) + 1o fa(ry, ra).

Since ®g o(w1,1,71,72) = Bg 1 (21, 71)g(r2) we have

fa(ri,ra) + fa(ri,r2) = k(r1)g(ra).

Furthermore, by construction fa(r1,0) = f3(r1,0) = 0, i.e. they contain a factor 1. This can be
easily seen in the following way: Since #; marks urns such that Y (U) € £ at time 6;, the function
f2 (resp. f3) enumerates the allocations into an urn such that the condition Y(U) € £ is satisfied
at time #; (resp. #2) and not satisfied at time 65 (resp. 61). Since this can only happen if the urn
receives at least one ball between §; and 5 (and those balls are counted by 73), fo and fs must
contain a factor rs.
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For simplicity we use the notation ¢ = ®g o(x1, 2, r1(21, 22), r2(21, 22)) and the index notation
for partial derivatives. By definition

8? e e
7,059 559 5559

Brers = 75 PR
_t ((rl)ldfz _ (rl)l‘l (T1)1‘2>
1 1 ™1
_s ((7“2)1‘11‘2 _ (TQ)II (7'2)1'2)
o o 9 '

Now 71, ry are determined by r¢,, = 1¢, ra¢,, = s¢. Since (1,1, rq,r2) = g(r1)g(r2) we have
r1g'(r1) = tg(r1) and rag’(r2) = sg(ra2)

which gives 71 = r (from above) and ro = O (s).

Differentiation of the first (implicit) equation with respect to z; yields

(1) e, 9" (11)g(r2) + 119" (r1)g(r2) (1) e, +r1g' (r1)g (r2)(r2)e, + 171(f2 + fa)r,
=t (r)g(ra)(r1)e, + 9(r1)g (r2) (r2)e, + (f2 + fa))
or (by applying r1¢'(r1) =tg(r) and fo + fa = k(r1)g(r2))
(r1)es (¢'(r1) + 719" (r1) — tg' (1)) = th(ry) —rik(r1).

Hence (r1)y, = rp (from above). Similarly we obtain (r3);, = 0.
In the same way we obtain by differentiation of the first equation with respect to xs

fat+f (fa+fa)r
O O

g, =

(r) 7) 4 g7 — 1)
fa—f2 (fa=f2)ry
ot T g

1)z, +
' "(r1) + 119" (r1) — tg'(r1)

(r1) 7
= (n)e, + 0 (r2)
= (n)
In the same way we get (72)e, = O (), ("1)w10s = Fee + O (8), and (r2)z,0, = O (5).
Applying this to the derivatives of ¢ we have
b = ) rs)es + 0 r2) ) + (o )

= g(Mg(ra)re + k(r)g(r) + O (s),

8%2 = ¢ (r)g(r2)(r1)e, + 9(r1)g' (r2) (r2)e, + (5 + fa)
= k(r)g(r2) + O (s),
&jaxz ¢ = " (r)g(ra)(r1)e, (1)ey + 9" (r1) 9" (r2) ((71)a, (r2)ey + (71) 2, (72) )

+9(r1)g" (r2)(r2)z, (12)2,
+(fs+ fa)re (P1)er + (F3+ fa)ra (P2)ey + (fo + fa)rs (M1)es + (f2 + fa)ry (72) s
+/a

= g"(r)g(ra)ri + 2k (r1)g(ra)rs + k(r1)g(ra) + O (s)

Hence, it follows that By ;4s = By + O (s). O

In order to prove tightness let us first show the following
Lemma 3.2. There exist constants C1,Cy > 0 such that
E(Xm(n) — EXpy(n))?* < Cin
E(Xpm(n) — EXpy(n))* < Cyn? (3.2)
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form — co and n = O (m).

Proof. Let us first deal with the second inequality. Set
i—1
e (1) and A= E[(Xm(n) —j) = 2

7i=0 Cn,U

m 9
Ot

Cni =z

The fourth moment occurring in (3.2) can now be expressed by

E(Xpm(n) — EXp(n))* = Ay —4A1 A5 + 6A7As — 3AT + 643 — 1241 A5 + 647 + TAs — 4AT + Ay
(3.3)
Hence we have to compute ¢, ;. Let us start with ¢, o = [2”]g(z)™. Note that due to the fact that

we allow an urn to be empty or to contain one ball we have g(0) = g # 0 and ¢'(0) = g1 # 0.
Define k;(z) by

Zg/(z) g1 (292 g%) 2 3
k1(z) := =4+ | =-—==)224+0(z
1(2) 9(z) 9o g0 93 (=)

and

Kjp1(z) := z&}(z), j>1.
Observe that x;(z) = O (z) for z — 0 and by Taylor’s theorem we have for real z and for any fixed
k>1and zg >0

x

g (26%) = () exp )+ 0 (16)) (3.4)

uniformly for 0 < z < zp and 6 € [0y, 6p] where 6y > 0 sufficiently small. Furthermore, in presence
of the fact that there exist no r,d such that g,, # 0 if and only if g,, = r mod d we have

l9(ze®)| < g(z)e™* (3.5)

for some positive constant c. In order to extract the desired coefficient we will use Cauchy’s integral
formula and the saddle point method. Let p denote the inverse function of x1. Then we have

g0 29392\ 0 3
ult t+< — —)t + O (t3).
() g1 g1 9:1)’ ( )

The saddle point of g(z)™z~" is given by

p=n(m) =m0 (3)

By applying the saddle point method and using (3.4) and (3.5) we obtain

n m 1 m 4z
[z"]9(2) =5 9(2) ey
l2|=p
= 1 + / + g(peie)e—inG do
27 pn

[6]<(mp)=1/2%s  (mp)=1/2*+=<|6]<8 Ho<[f]<m

_g()" _ﬁ ~ f \
~2np" / P ( 5 ks (p) — igrmis(p) + O (6%mp) | do

18]1<(mp)=1/2+e

e (me)Te emmebse
+0 (g ) 10 (gl (3.6)

where ¢; > 0 is a suitable constant. Note that

o) = mn (32) i (1 (55)) = v ()
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where £;(t) are analytic functions with &;(0) = 1. Hence

[="g(=)™ 92(5[): | /ME exp (_gmz (%)) (1 - ii—?nkg (%) 4O (9%)) do

()" ! ~3/2
gpp” ( 27Tn/%2(n/m)+0(n /)>

Using more terms we directly obtain an asymptotic series expansion of the form

oy S /m)™ [~y 1
o) ~ Z (=)=

where a;(t) are analytic functions that can be determined explicitly, especially ag(t) = Ro(t) /2.

Now let us investigate how the situation changes for ¢, o with oo > 0. For technical convenience
let us assume that f(z) contains a factor z. So the g.f. under consideration has the form

De 1(x,2) = (g(z) + (2 — 1)zk(2))™.

Note that this is no restriction for the present purpose: If we have an urn model where f(z) does
not meet this constraint, then let us use the process X, = m — X,,, instead. Since this does not
change the fourth moment (3.3), the assumption is justified. We have

Cno = [Zn]m(m _ 1) - (m — o+ 1)z°‘K(z)°‘g(z)m

where K(z) = k(z)/g(z). As above we get

K (zew) = K(z)exp Z (Zj')J Aj(z)+0O (zﬂk'i'l)

uniformly for 0 < z < zg and |8] < 6y, where

K'(z) Y
K2 Ajt1(z) = z/\j (2).

AOZZ

Furthermore, note that |k(ze)| < k(z) because of the positivity of the coefficients of k(z).
This in conjunction with (3.4) guarantees that the estimates for the remainder integral in (3.6)
still hold in this case. Therefore, applying again the saddle point method gives

m(m—1)---(m—a+1)pg(p)" K(p)*
2mpn

["m(m — 1) - (m—a+ 1)2°K(2)%(2)" =

[ e [+ X D43 D

il
— J:
161< (mp) =112+ =

+0 (mpé‘kH)) do

1) (m— 1)p® m K (p)e 6?
_m(m—1)--(m—a+1)p*g(p)" K (p) exp [~ niy (g)
27 pn 2 m
8] < (mp)=1/2+e

0 n -
(Zf') 23 (=) +0 (o) ) do

R () 4o

i=s
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Using the substitution 6§ = u/y/nky(n/m) yields
(=" Jmlm = 1) (m — a4 Dp* K (=) ()"
_mm—1)---(m—oa+g(p)""“k(p)"
2mwp™\/nka(n/m)
T e

lul < (mp)er/(nfm) Rz (n )7 7=

k(i) ni=il?_ .
+az ( ) /\j(n/m)/%2(n/m)_]/2 +0 (n (

nt=I2k; (n/m)ka(n/m)=I/?

-
N
x
+
=
N——
N~———
[
>

= gl m
Set
Rj(2) = kj(@)Ra(2) 717,
Aj () = Aj(2)Ra(2) 7/
We have
exp (Zk: (l;x)] 01712 (nfm) + a3 (l;)] nl;jhﬂj(n/m))
j=3 7 =1 7

V/n3

The odd powers of u do not contribute to the integral. Hence, using

o 2 2k)!
/_OO v2Re V2 gy = (2!%)'\/2_71'

and setting

V)= o
gives
oo =v0) (1 (S - 20T ) o (1))
and

eno=V(a)m---(m—a+1)p*V2r (1 — % (%4(7;/771) - 5%3(;{”1) + %%(Es(n/m)jq(n/m)

— Ao(n/m)) — %2 (%)ZA](n/m)z) +0 (%))

and thus

e o 1/n o, =~ < a’n - 1
Now inserting this into (3.3) and keeping in mind that p = p(n/m) = O (n/m) and n = O (m)
shows that E(Xy,(n)—EXp(n))* =0 (nz) as desired. The first inequality is now an easy exercise.
O

Proposition 3.1. The sequence Yy, (t) is tight.
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Proof. Due to [2, Theorem 12.3] it suffices to show

(X (n1 +n2) — Xpp(n1) — E(Xp (01 +n9) — Xm(nl)))4

E

gc(@)z (3.7)

m

where C'is a positive constant. In order to treat the difference 7, (n1, n2) = X, (n14+n2) — X, (n1)
we use the generating function that enumerates the urns whose state has changed. In the general
model this function has the shape

bo,20 = (sl + (= Doz + (1 -1) faenza))

Note that f» and fs contain a factor zs (which proves to be important in the sequel), since a
state change occurs if and only if the urn receives at least one ball during the time period under
consideration. For simplicity, let us assume that f3 = 0. Then the generating function can be
expressed in the form

®(z, 21, 22) = (9(21)g(22) + (z — 1)22k(21, 22))™

with an analytic function k(z1, 2z2).

Set
Ny _no 8’ = . Cning,i
Cranai i= |21 1%y ]Wq)(zl, z9,1) and A;:=F H(Zm(nl,ng) —J)= PR
j=0 nina,

In analogy to (3.3) the fourth moment occurring in (3.7) can be expressed by

EZ, (nl, 712)4 = Ay —4A1A3 + GA%AZ — 3A£11 + 6A3 — 12A1 A5 + 6A"f + 7A5 — 4A% + Ay
(3.9)

Hence we have to compute ¢,,,,, ;. Let us start with ¢, ,,, 9. This is rather easy since it factorizes
nicely:
Cnana,0 =[21 2579 (21) " g(22)™ = [ ]g (1) ™ [25 %] (22)™

/3 (1+ 1 (5’23(”1/”1) 3 ’%4(71;/”1)) 1 <5E§(nz/m) 3 R‘4(”2/m))

ny 24

+0 () +0()) (39)

Now we investigate what happens if @ > 0 where we do not have such a factorization as for
Cnins,0- We have

Cnze = [0 2 Im(m — 1) -+ (m —a + 1)25 K (21, 20) " (21) " g (22)™

where K(z1,20) = =022l With (3.4) and

3G1)9(2)

) . G171 (26172
K (216", 206") = K(z1,20) exp | Y M%m(% 2) + 0 (211071]) + O (221051

PN
Ji+j2>0 Ji-gz:
where
i]’(zl Zz) iK(zl 22)
o 21317’ Aot 2226227’
10 I{(Zl,22) I{(Zl,ZQ)
0

Ajrtlgs = 215~ Aivja Ajriatl = 2275 —Ajuja
1 1
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we have

0T = 1) - (m — a4+ 1) (22K (21, 22))* g (1) g 0) " = L ISR P pa)”

2mpyt Py
92 02 WINPT
xm(m—1>~-~<m—a+1>pg//exp (1) = o) + 3 O i 1)
5 7j=3 J:
101)71(i604)72
Z ) +aify o Mkjm(mmz)

7!
Jitgaz1 J1-J2:
+0 (mprlo ) + 0 <mp2|e§+]|>) a5, o

g(p1)™ g(p2)™ K (p1, p2)*

= DT m(m—1)---(m— o+ 1)p5
92 ko ig) LITTRY,
//exp __1nm2 ("1) _ 7anlfz ( 2) +Jz_:3 (Zjll) nik; ( ) +JZ: ] na2k; (Ti)

(61) Jr (102) J2 pyny < ny n
+ails + Z 1]1']2 2 ;122 /\Jljz (El Wj) +0 (mP1|9k+l|) +0 (mp2|€§+1) | dfy df,
Jit+j221

where as above &;(z) = &;(p(2))/z, pr = p(n1/m), pa = p(na/m),

) _ )‘jljz(ﬂ(zl)a /1(22))

Z1%2

/\jljz (Zl’ 22

and the integration domain B is given by
B = {(61,605)]10:] < (mp1)~"/** and [6] < (mpa) ™/ *F<}
Substituting 6, = uy/y/nik2(n1/m), O = us/\/noka(na/m) yields
[0 20 m(m — 1) - (m —a+ 1) (22K (21, 22)) " g(21)"g(22)™
_ 9(p)"g(p2)" K(p1, p2)* m(m — 1) --- (m — a4+ 1)p5

B 2mp " py® \/711712/‘?2(”1/771)/62(712/7”)
2 2 k: . y k . y
ui  uj (fuq )? /2. (M1 (fus)? 1 /2. (M2
< ff e B P P ] YD i ] =)
s = =

n iUQ 1 4 ning (n1 7'L2> n iu1 (n1 ng)
o T _—, — XN——T -, —
1/nz ka(na/m) m2 '\m’m v P\m’m

]1 . .
Wl ZU2 1 J1/2 1—ja2/2 nyp N2
to E ny Tiga \ =

J1lja! "
k+1
)) df db-

J1,42=1

+0 (mpl

Us

N

N

k41

Rj(z) = /ij(l‘)kz(x)_j/Q’
Tivia (X, y) = Aoiy (2, y)Ra (2) 791 2Ry (y) ~92/2,

Expanding the exp-term into a series, evaluating the integral, and setting

where

Via) = 9(p1)" g(p2)" K (p1, pa)“m(m — 1) - -- (m — a4+ 1)p§
\/ﬁ/{flpgw\/mnwz(m)/%z(nz/m)
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gives

s =V (@) (1 B i (E4(n1/m) B Sks(ni/m) n akz(ni/m)m o(n1/m, na/m)

ni 8 24 2
a1 o(n1/m, na/m)? 1 [ Ra(na/m)  5Skz(n2/m) akg(ni/m) o?
a 2 ) t o ( 8 24 T3 oo (na/m) QEZ(nz/m))

w0 (i) ()

Note that ps = p(na/m) = na/m(l 4+ O (n2/m)). Hence let L := K(p;, p2)mp(na/m)/ns and we
get

Ay =(Ing)® (] + ;Tl(ﬁ3(n1/m)71,0(n1/m,nz/m) — ar g(ni/m, nz/m)Q)

oy ( ((n/;nn)z) - fw(ni/m)) o (ni> o (ﬂ) |

Inserting this into (3.8) shows that the terms containing n3 or n2/n; cancel and thus by assuming
ny = O (ny) we get (3.7). In the case where ny = O (ny) does not hold let us assume ny > ny.
Then set X (n) := X (n) — EX,,(n) and use the crude estimate

EZy(n1,n0)* < EXS (01 +n2)* + 6EXS (n1 + n2)?EXS, (n1)” + EXE, (n1)?
in conjunction with Lemma 3.2.
In the general case (i.e. where f3 # 0) the formulae are much more involved. In fact we have
Cning 1 =mg(z1) " g(22)" " (falz1, 22) — fa(21, 22))
Cning,z =m(m — 1)g(21)™ " 2g(22)" " (fa(z1, 22) — fa(21,22))" + 2mg (1) g(22) " f3(21, 22)
Cnings =m(m — 1)(m — 2)g(21)™ 29 (22)" 72 (fo(21, 22) — fa(21, 22))°
+6m(m — 1)g(21)™ " ?g(22)™ " fa(21, 22) (f2 (21, 22) — fa(21, 22))
— 6mg(z1)" " g(22)" " fa(z1, 22)
Cnynza =m(m —1)(m —2)(m = 3)g(21)" g (22)" " (fa(21, 22) = fs(21,22))*
+12m(m — 1)(m — 2)g(z1)" > g(22)" "% fa(21, 22) (f2 (21, 22) = fa(21, 22))°
+ 12m(m — 1)g(z1)" " ?g(22)" " (fs(z1, 22)* — 2f3(21, 22) (f2(21, 22) — fs(z1, 22)))
+ 24mg(z1)" " g(22)" 7 fa(21, 22)

These formulae can be treated in the same way as above and yield the desired result. O

4. FUTURE PERSPECTIVES

We have shown in this paper that a class of additive valuations on occupancy urn models leads
to limiting Gaussian processes. One of us has worked on some database parameters (join sizes)
that can be modelized by urn models [6, 7]. It requires us to use two types of balls, and to compute
a valuation on each urn according to the number of balls of each type that fall into the urn. The
global parameter is obtained by summing the valuations on each urn; it may be additive, or not
(the semijoin size is additive, but the equijoin size is not); even when it is additive, the results
of the present paper do not apply : We have assumed in the present work that the total number
of balls is known, and have studied the number of urns satisfying some condition (Y (U) € &),
whereas the natural assumption for the modelization of join sizes is that the number of balls of
each type is known, and we are interested in the valuation > ., Y (U). However, it should be
possible to extend our approach to deal with such situations, and possibly to take into account
some types of deletions as well; we hope to present both in a future paper.
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