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Abstract

We present a dynamic modelization of a relational database, when submitted to a sequence of
queries and updates, that allows us to study the evolution of the sizes of relations. These sizes,
either present in the database or computed by application of a relational operator (derived
relation), have long been recognized as important parameters in query optimization. While the
problem of estimating the sizes of derived relations at a given time (“static” case) has been the
subject of several studies, to the best of our knowledge the evolution of the relation sizes under
queries and updates (“dynamic” case) has not been studied so far.

We consider the size of a relation as a random variable, and we study its probability
distribution when the database is submitted to a sequence of insertions, deletions and queries.
We show that the relation sizes behave asymptotically as Gaussian processes, whose expecta-
tion and covariance are proportional to the time. This approach also allows us to analyse the
maximum of the size of the derived relation.

1. Introduction

Among the parameters that can be defined on relational databases, the sizes of the
relations, either present in the database or computed by application of a relational
operator (“derived” relations) have long been recognized as important parameters in
query optimization, i.e. in the search for an efficient way of answering users’ queries,
and many models have been proposed for their evaluation (see [30] for a survey).
So-called parametric models are based on a priori assumptions on the probability
distributions of the objects modelled in the database (relations, attributes, etc); they
compute the mean, and sometimes further moments, of the distribution of a derived
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relation size. Such models are used to estimate the size of a relation obtained
by a selection, a projection or a join [2,16,17,35,36]. Nonparametric models
use the values present in the database at a given time to obtain empirical informa-
tion on the underlying probability distributions. This information is summed up
in histograms, that are then used to compute estimations of the sizes of derived
relations [31, 34], see also [32] for a related approach. An approach popular in
recent years is based on sampling; again it uses information present in the
database to compute estimates of derived relation sizes [18, 19,24, 33]. All
these approaches consider a static database, the only exception being the
recognized necessity of maintaining some parameters necessary to the sampling
process [23].

Our work presents a parametric model for dynamic databases: We study the prob-
abilistic behaviour of (initial and derived) relation sizes under assumptions on the
values that can be assumed by the database elements, and on the type of operations
allowed on the database. As such, it is in close relation to studies on the dynamic
behaviour of data structures [9,11, 22,26-29].

We gave in former papers [12, 13] conditions which ensure that, in the static case
(i.e. at a given time), the size of a derived relation, obtained by a projection, an equi-
join or a semijoin, follows a normal limiting distribution. Our goal here is to extend
these results to dynamic databases, i.e. databases that can be queried and updated. To
this effect, we consider the size of a relation as a random variable X, and we study its
behaviour when the database is submitted to a sequence of insertions, deletions and
queries. We prove that knowing the initial and final sizes of a relation, the constraints
on the relation (existence of a functional dependency, sizes of attribute domains, etc.),
and the type of operations (queries or updates, with specific probabilities of choosing
a given operation at a given time ) allows us to characterize completely the random
variable X, and that, asymptotically (i.e. for a large number of operations), the size of
an initial relation behaves as a Markov Gaussian process, and the size of a derived
relation as a (not necessarily Markov) Gaussian process. In both cases, the expecta-
tion and covariance are proportional to the time nt, and the process has a determinis-
tic part of order n on which is superimposed a random part of order ﬁ Such
a characterization also allows us to analyse the maximum of the size of the derived
relation.

The rest of this paper is organized as follows. Section 2 presents the database
parameters that we shall study and their modelization in terms of urn models, then
briefly recalls the sequences of operations which may be considered. Section 3 gives
our main result: the characterization of the size of a derived relation as a Gaussian
process, and presents an overview of our method with a sketch of the proof. Section
4 introduces our notations, then Section 5 presents the basic processes (number of
tuples in a relation) corresponding to different update models and to several con-
straints on the initial objects (relations). Sections 6-8 are devoted to the detailed proof
of the theorem relative to the projection, Section 9 to the study of the maximum size,
and Section 10 to the joins.
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2. Databases and urn models

The basic objects we consider are relations, which are sets of (distinct) tuples. They
can be seen as tables: a row represents a tuple, and the number of lines is the number
of elements of the relation (its size); the columns are called the attributes. The
operations we consider on the relations are the projection and the joins (equijoin or
semijoin); these relational operations take as arguments one or two relations and
define a new relation. For ease of presentation, and without loss of generality, we shall
restrict ourselves to the case of relations R or S with two attributes X and Y, or X and
Z, and of the projection or the join on X. We shall use the terms initial relation for the
relations R and S, and derived relation for the relation obtained by a projection or
a join (see Fig. 1).

We have shown in [12, 13] that it is possible to study the conditional distribution of
the sizes of the derived relations, assuming that the sizes of the initial relations are
known. To this effect, we introduced, for each operator: projection, equijoin, or
semijoin, a modelization in terms of urns and balls that allowed us to see the
estimation of the derived relation size as an occupancy model. Now we want to study
the variations of this size under a sequence of updates and queries on the database.
Again we shall use this modelization, which we briefly recall below.

2.1 Projections and the occupancy problem in urn models

Let d be the number of distinct possible values for the attribute X; we assume that,
although it may become large, d is finite. The projection of the relation R can be
modelized with urns and balls, according to a well-known occupancy model, as follows.

We consider a sequence of d urns, each urn being labelled with a distinct value of the
attribute X. To each tuple of the relation R, we associate a ball labelled by the value of
tuple on the column X; this ball falls into the corresponding urn. An equivalent way of
seeing this phenomenon is to consider instead that we have a finite supply of balls, and

X

nx{R)

RS

Fig. 1. Two relations R and S, with the projection nx(R) of R on the attribute X, the equijoin Re<S of
R and § and the semijoin RI>S of R with §.
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that we allocate them at random among the d urns, each trial being independent of the
others. Each ball then receives the label of the urn it falls into.

After coupling all the tuples of the initial relation R with urns, some urns are empty
and some contain at least one ball. The number of urns with at least one ball is exactly
the number of tuples in the projection of the relation R.

If, instead of the number of urns with at least one ball, we consider the number of
empty urns, and if we assume that each urn can receive an unbounded number of
balls, then we have the classical occupancy problem presented for example in [20].
Assuming that the urn size is infinite corresponds, in terms of relational databases, to
a relation with a key on the attribute suppressed in the projection. As we shall also
want to study relations without keys, we shall have to extend the models to the case
where the urns have a finite capacity (there are § places for balls). More generally, if we
want to allow for constraints on the database relations, we have to introduce related
constraints on the way balls can be allocated into urns (see {12]).

2.2.  Urn models for the equijoin and semijoin

We have seen that the problem of evaluating the size of the projection of a relation
can be reformulated in terms of a classical occupancy problem for a suitable urn
model: We throw n balls into a sequence of d distinguishable urns, and study the
number of urns with at least one ball. The semijoin and equijoin sizes can likewise be
expressed in the general framework of urn models, and we have presented two models
to this effect in [13], which we recall below.

Let us start with a sequence of d urns and with two kinds of balls, say blue (B) and
red (R); the balls of a given colour are thrown into the urns independently of each
other but may depend on the balls of the other colour. After throwing specified
numbers of red and blue balls, we assign a certain number of balls of a third colour,
say green, to the urns according to one of the two sets of rules below, according to the
operation we wish to modelize. The red balls are associated with the relation R, the
blue balls with the relation S, and the green balls to their equijoin R><S or semijoin
R S. The number of balls of one colour is the size of the corresponding relation.

2.2.1. Model for the equijoin (EJ)

e We throw into the urns a given number r of red balls, and a given number s of blue
balls.

e For each urn where there are i red balls and j blue balls, we put ij green balls in the
urn. If an urn contains no balls, or balls of only one color, we put no green ball into
this urn.

e We count the total number of green balls.

2.2.2. Model for the semijoin (SJ)
e We throw into the urns a given number r of red balls, and a given number s of blue
balls.
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e For each urn containing at least one blue ball, we put as many green balls as there
are red balls. The urns without balls or with balls of only one colour do not receive
any green ball.

e We count the total number of green balls.

2.3 Database assumptions

We shall make the following assumptions in the present work, which cover a rea-
sonable number of situations while keeping the computations manageable. We shall
assume that each urn is equally likely, and that, when the urns have a finite capacity,
each place in an urn is equally likely. In terms of relational databases, these assump-
tions mean that the possible values for the projection or join attribute X are uniformly
distributed, and that, when the attribute Y or Z, suppressed by the projection or not
participating in the join, is not a key of the relation, the possible values of ¥ or Z are
also uniformly distributed. We point out that, when the attribute Y or Z is a key, the
(possibly very skewed) probability distribution of the values on this attribute has no
influence on the size of the result, as long as we study the distribution of the relation
size conditioned on the initial size [12, 13].

We also assume that the relations satisfy standard independence assumptions: The
coordinates of a tuple are independent, the tuples of a given relation are independent,
and, for the join of the relations R and S, the values of the two relations are
independent (but see [3,4] for a discussion about these assumptions).

In the rest of the paper, we shall use indifferently the terms relation size and number
of balls or number of tuples, and (in Sections 6-8) the terms projection size and number
of nonempty urns.

2.4. Dynamic models

The urn models we have just defined describe well a relation at a given time, but
they do not take into account its evolution during a sequence of updates and queries.
We now extend our modelization to consider the evolution of a relation subjected to
a sequence of updates (insertions and deletions) and searches (queries).

We denote by p,, p, and p, the probability of making an insertion, a deletion, and
a query. If these probabilities vary according to the time ¢, we use the notations p,(t),
Pa(t) and p,(t). We can choose non equal probabilities for insertion and deletion, as
long as the probability of an insertion is at least equal to the probability of a deletion:
ps(t) = pg(t). Otherwise, the relation is either empty or has very few elements, and this
is of little interest, both in terms of database and for the underlying probability model.

We must now make precise the individual probabilities of insertion at a given place,
and of deletion of a given ball. If we choose to do a deletion, the conditional
probability of deleting a given ball is 1/number of balls at this time, both for the infinite
urn and for the bounded urn models. If we choose to do an insertion, we must give the
conditional probability of inserting a ball into an urn, and the infinite and finite
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models differ on this point. In the infinite urn model, each urn has the same probability
of getting the new ball. If the urns are bounded, we can view each urn as a collection of
d distinguishable cells, and each empty cell, whatever the urn it belongs to, has the
same conditional probability of receiving the ball, given that we have chosen to do an
insertion.

To fully specify the dynamic evolution of the relation, we also specify its status at
the beginning and at the end of the sequence of updates and queries. We assume that
the relation is empty at the beginning. If we impose a condition on the relation at the
end (this is not mandatory; see Section 5 for such examples), either the relation is
empty or its size is proportional to the time elapsed.

3. Main ideas and results

3.1. The process describing the projection size

Our first goal is to study the variation of the size of the projection under a sequence
of queries and updates. We shall do this during a “large” time and for a “large”
number of urns. To this effect, we introduce a scaling factor n; the number of urns d is
proportional to n and a time 7 is written, after normalizations, as t = nt. The time is
chosen in an interval of length 2n: 0 < t < 2.3 We shall study two related stochastic
processes, describing, respectively, the number of balls, denoted by £, and the size of
the projection (number of nonempty urns), denoted by 2; we shall show that each of
these processes has a deterministic component of order », and a random component of
order /n. Our main result is thus the following theorem, where the functions G, @ and
¥ can be given explicitly for the different models.

Theorem 3.1. The size S([nt]) of the projection at the time nt is asymptotically a (not
necessarily Markov)y Gaussian process such that

E[S([nt])] ~ nG(1),
COV(S([nt,]), S([ntz 1)) ~ n¥(ty, t2),
VAR[S([nt])] ~ nd(t).

The relative error in the density due to the asymptotic approximation is O(1 /ﬁ).

3.2. Sketch of our method

The first step in proving Theorem 3.1 is to study the process & describing the
number of tuples in the initial relation. To fully describe 2, we have to know the

3 We could choose for maximum time n instead of 2n; however, the second choice gives simpler formulae
when the final relation is empty.
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probabilities for insertion, deletion and query, and to give the initial and final
sizes of the relation. In the cases we are interested in, we can show that 2 is a
Gaussian processes with a deterministic part %, on which is superimposed a random
part 2,:

P =P+ 2.

The process 2, follows a deterministic curve nf; (¢); the function f; is related to the
exact relation (or urn) model, and can be computed explicitly. The process 2, is
a Markov Gaussian process of order \/;z The computation of 2, and 2, and of
several related parameters such as f;, is done in Section 5.

The process 2 (number of tuples) determines another process 2 (size of the projec-
tion). Before considering 2, we shall study another process 2., defined as the size of
the projection of a relation R, when the size of R is given by the process 2, (which is
a first-order approximation of #). To this effect, we define two random variables, say
Y, and Y,, which are simply the size of the projection at different times ¢, and t,. We
know from previous work [12] that the conditional distribution of the projection size,
given the size of the initial relation, follows asymptotically a normal distribution, of
known expectation and variance. The covariance COV(Y,, Y,) will allow us to
characterize 2, as a process composed of a deterministic part nG(t) and a random part
\/; V(t). The computation of COV (Y, Y,) starts with Lemma 1 of Section 6.1, and
depends on the stochastic behaviour of the number of balls in any one urn. This
behaviour can itself be expressed, both for the bounded and for the infinite urn
models, in terms of the probabilities p,4, ps and p,, and of the function f, related to the
expectation of the number of balls (Section 6). For any of the processes of Section 5,
we could then specialize these results to get the covariance of Y, and Y, ; see Sections
7.1 and 7.2 for examples of such computations. We shall rather show that there exists
a common form giving the covariance in terms of f3, p,, p, and p,; this is Proposition
1 of Section 7.3. )

We then consider the process & obtained by superimposing £, on 2,. We can
again define two random variables size of the projection at the times t,and ¢,; let us call
them S; and S,. As we have done for Y, and Y,, we have to compute their covariance.
But the S; are obtained from the Y; by introducing a further degree of randomness,
and it is possible to write their covariance as

COV(Sy,8;) = COV(Yy, Y3) + y(t1) y(e2) fa(ty, 12)

for a suitable function y(t), f>(¢,, t,) being the covariance of the process #; taken at
different times ¢, and t,. The covariance of Y, and Y, thus characterizes the “static”
part, and the term added to it to get the covariance of S; and S, comes from the fact
that the number of tuples 2 is itself a Gaussian process. The introduction of £, and
the computation of CO¥V(S,, S,) are found in Section 8.

Once we have the covariance of the sizes of the projection at times ¢, and t,, i.e. of
S, and §,, the next part is to show that the final process size of projection, which we
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denote by 2, is still asymptotically a Gaussian process. More precisely, we shall show
in Section 8 that 2 has a part 2, coming from £, on which is added a random part 2,
coming from 2, and from #,:

,@‘-—‘Qo"‘.ﬂl.

3.3. The maximum size of the projection

When we have proved that the final process 2 is Gaussian, and obtained an
asymptotic expression for the covariance of S; and S,, we have tools for studying
whatever function of the process we are interested in. We shall study here the process
giving the maximum size of the projection. We obtain the following result, which is
proved in Section 9.

Theorem 3.2. Let i such that G'(f) = 0. Assume that f € [0, 2] and set G = G(f). The
maximum size of the projection M:= maxo, ;) S([nt]) occurs at a time t*, and is such that

M ~ nG + /nm + O(n"%),

where m and t* are random variables that can be precisely characterized.

3.4 The process describing the join size

The method we have sketched in Section 3.2 can be adapted to deal with joins. The
major modification is that the two initial relations are described by a bi-dimensional
process. We obtain the following result, whose proof is given in Section 10.

Theorem 3.3. In the join model, the size S([nt]) of the equijoin or semijoin at the time nt
is asymptotically given by a (not necessarily Markov) Gaussian process with

E(S([n])] ~ nG(r), with G(t):= F[f¥(), f7(8)],
COV(Sy,S;) ~ nWrlts, 2),
with
Yr(ty, t2):= ¥Yyr(ly, 12)
+ 7RI F R, 1) + YR ()Y () f3 0, 1)
+ YY) TR, 1) + YR () PP ER) 120, 1),
VARLS ([nt])] ~ n[¥n,&( 0) + YR [5 R 0 + 2% 0y* @ 155t )
+ 2 23, 1)

The relative error in the density due to the asymptotic approximation is O(l/\/;).
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4. Notations

e Let n be some scaling parameter (n - + co later on).

o We have d urns, numbered i, j, ... ; the urn numbered i is U;. The parameters n and
d are related by d = O(n) = on say.

o When the capacity of an urn is finite, it is denoted by 6 (constant). Let 4 = dé = fn,
with f = ad: 4 is the maximal number of balls that we can allocate to the urns.

® Let x' be the random variable number of balls in the urn U; at time t,, and
E\ = E[x'7]; similarly for x} at time ¢,.
For any measurable function ¢ and for a random variable x, we can define a new
random variable ¢(x). Let E{[¢] = E'[¢(x})]. We shall use in this paper the
functions ¢(x) = I(x > 0) (indicator function) and, in Section 10, ¢,(x) = k.

e ElJ is the expectation E[kx}] and similarly E{/,[¢]:= E[@(x})o(xb)].

e® We denote by n; and n, the number of tuples of the initial relation, i.e. the total
number of balls, at the time ¢, and 1,.

e £, 9, 2 denote, respectively, an insertion, a deletion or a query. Their probabilities
at the time t are, respectively, p,(t), pa(t) and ps(t) (ps(t) + pa(t) + ps(t) = 1).

e We denote by = the weak convergence of random functions in the space of all
right-continuous functions having left limits and endowed with the Skorohod
metric (see [1]). All convergences with be defined for n— + 0.

5. The process 2 related to the initial relation size

Let W(t) be the number of balls at some time . We might choose the current
number of steps (number of queries or updates) as a measure for the time, which would
then belong to the interval [0, 2n]. However, we shall study the asymptotic behaviour
of W when the time goes to infinity, and it is interesting to change the time scale by
choosing a time nt for t € [0, 2], and to normalize the random variable W. For all the
models presented below, the number of tuples W has an expectation and a variance of
order n, and we can show that, for a suitable function f; related to the type of process,
and assuming that we start from an empty structure at time O:

W([nt]) — nf,(¢)
N

where the process X (¢) is a Markov Gaussian process whose covariance is denoted
fo(s, t), s < t. As a consequence, we have that for any &, and &,:

E[e'®m*am] ~ exp(n{i[&, fi(t1) + &2 f1(t2)]
— 3[Efa(tr, t1) + 28182 (81, 12) + E31a(t2, 12)1)).

We now turn to the presentation of the models we shall study. The processes can be
divided in two families:

=X(), 0<t<2,
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(i) the weighted structure in the sense of Flajolet et al. [10], Louchard [26], with
a possibility function given by pos(2) =k for a k-size structure (there are k ways of
deleting an element in a structure composed from k elements!);

(i) the classical unweighted structure.
In the weighted structure family, we have for instance:
e Pl:.¥ + 9. We a assume that we return to an empty structure at time 2n. Then [26]

2 (2 -1
2 2

i
fl(t)=§t(2_ t), fals, 1) =

P =[1+f10)2=1~12,  ps(t) = [1 —fi(]/2 =1t/2.

e P2: # + 9. We assume that we return to a structure with size an at time 2n. The
techniques we used in {26] lead here to

2(2—t)(—t+at+2) s<t.

2—-at
4

fl(t)=t<1— ) fals, t)—

Note that f; possesses a maximum for t€]0,2[iff a< 1. For 1<a<?2, f, is
maximized at ¢ = 2. Again, p,(t) = [1 + f1(1)1/2, pa(t) = [1 — f1(t)]/2.

e We should be tempted to extend the weighted model to the case with 2. But, when
Plinsertion) = P(deletion) = § and P(query) = %, we see that the asymptotic total
measure along nf;(t) contains a dominant term 2nlognCy,(2), where Cy(t) is the
total number of deletions upto the time £. With constraints on the structure, it leads
to Cy(2) = C,4(2) = n, i.e. no queries at all, which is a completely uninteresting
process!

So we turn to the unweighted structure family.

e P3: #(p, =1). We have n, = nt,, n, =nt,, and f,(t) = t.

® P4 F + D+ 2 with py, py and pg constant (py > pg), and without constraint on the
relation size at the time 2n. The mean and variance corresponding to the variation of
the relation size for one step are given by

X = Py — Do> 02 =py + po — X
So

[0 = xt, fals,ty=0a%s, s<t

This is a classical Brownian motion (BM).

e P5. # + 2 + 2 with arrival at arelation of size 2nx + a\/; at the time 2n. The mean
% and variance o2 corresponding to one step are the same as for P4, and

W{[nt]) — nxt
S

— ¢BB(f) + 325
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with BB a Brownian bridge. The expectation and covariance of W are given by

fily=xt+ —— fz(s,t)=02£2_—t), s<t.

P6: F + D + 2, with p,(t), po(t), pa(t) time dependent. The infinitesimal mean and
variance are given by

X(s) =ps(s) = pols),  L2(s) = ps(s) + pals) — X2(s),

SO

filt) = j "g9ds, o) = f 29 ds.
[4] 0

The process describing the relation size is a time-dependent BM, which can be
written as

BMo(0*(t) = f RELLIYAT

where BM, and BM, are standard BM.

P7: with the finite urn case, assume that each position taken at random among the
A possible positions changes from status (full » empty, empty — full). This is
equivalent to the Ehrenfest urn model (# + 2). From Karlin and Taylor [21,
p. 171], we know that, if A = 2N, then

W(N:])— N
TN

OU is the classical Ornstein—Uhlenbeck process, with mean 0 and covariance
$[e™®"9 — e~ ®¥9], 5 < t. Note that this covariance rapidly converges to its sta-
tionary form

=0U(t) (OU©0) =0 if W(0)=N).

1e7°9 ass,t— 4+ 00, t —s=0(l)

Here A = 2N = Bn,so N = Bn/2, f,(t) = B/2 and p,(t) = p,(t) = . If we start with
W(0) = fBn/2, then

W(nt]) — &n \/B (2:)
—— = [Z0U({(—=),
Jn 27 \p
with covariance

fils, 8) = E[e—zu—sw — 20+
s 4 .
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If we start with W(0) = 0 then it is easily checked that

W) =4n B sy JB (2_)
NG +5/ne 70U(3

and

fo=Ea e

6. Urn models: preliminary results

6.1. General form of the covariance: Lemma 1

Let Y,, Y, be the sizes of the projection at times t,, t,; Lemma 1 below gives
a general expression for their covariance COV(Y,, Y;), in terms of some probabilities
that can be defined whatever the urn model.

We recall that x (resp. x5) is a random variable giving the number of balls in the
urn U; at the time ¢, (resp. t,). Define ¢(x) = I(x > 0); then the projection sizes ¥, and
Y, at the times ¢, and t, can be writtenas Y, = Y¢_ o(x})and Y, = Y41 0(ch). Let

Zy = Pr[xy = 0] = E[I(x{ = 0)] (1)

and similarly for Z5: Z) (resp. Z%) is the probability that the urn U, is empty at the
time ¢, (resp. t,). Define also the joint probability

Zi3, = Pr[ki = 0A k) = 0]. (2)
The term Z%/, is the probability that the urn U; is empty at the time ¢, and that the urn

U; is empty at the time ¢,.

Lemma 1. The expectation of the projection size Y, at the time t, and the covariance of
the projection sizes Y, and Y, at the times t, and t, can be expressed in terms of the
probabilities Z', Z4 and Z%7, defined by (1) and (2):

E(Y,)=d(1 - Z}); COV(Y,, Y3) = d(Zi}, — ZYh) + d*Chly,
with

Cil’,jz = Zif.jz —Z\Z5.
Proof. As the runs are equiprobable:

E(Y,) = .;E[q)(x‘i)] = ‘; Ei[¢] = dEi[¢].
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Similarly, E(Y;) = dE4[¢]. The probability that the urn U, is not empty at the time ¢,
is Ei[¢], and probability that the urn U; is not empty at the time ¢, is E5[¢]:

Eilpl=1-2, Ei[¢]l=1-2Z}.

By definition, COV (Y, Y,) = E(Y,Y,) — E(Y,)E(Y,), and

d
E(Y,Y,)= ) Elo(k) ()] = dEi,[0] + d(d — VEi)[o].
ij=1
Now E%/,[¢] is the joint probability that the urn U; is not empty at time t,, and that
the urn Uj; is not empty at time ¢,. By an argument of inclusion—exclusion, we get

EiL[@] = Prie(c) = (b)) = 1) =1 — Z} — Z} + Z¥,.
Hence
COV(Yy, Yy) =d(Zh — Zh + ZY), — ZV),) + dX(ZY, — Z} ZY).

By symmetry, Z4 = Z%, which gives the desired result. [

Let us now turn to the urn models. The stochastic behaviour of a specific urn
depends only on p,(t), po(t), po(t) and f (¢), which in turn depend on the type of process
we are concerned with (see Section 5). We shall express our results in terms of the
parameters p,, pg, po and f1, first for infinite urns, then for finite urns. These results
can then be specified for any process of Section 5, i.e. for a choice of p,, py, p, and f;.

6.2. Model of: the urns are of unlimited size

We recall that the number of urns d and the parameter n are related by d = an, and
that the average number of balls at the time nt is nf; (t). Following Louchard [27], we
see that, asymptotically, the number of balls in a given urn is given by a classical birth
and death process with rates

=20, w22,

The one ball survival probability between ¢, and ¢, is given by

t2

psy,2(ty, t2) = psy,2 = CXP[ - j u(s)ds:| (=1ift; =1)

t
The total number of balls inserted in one urn, between ¢, and t,, and not deleted at ¢,
follows a Poisson distribution with parameter

t2

pra = foltes ), With fa(ty, £2)= f po(W)psy 2, 1)du (=0 t; = 1),

f
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Note that, by obvious probabilistic reasoning, we have

S1(t1)psy, 2 + f3(t1, t2) = f1(22).

6.3. Model #: the urns are bounded

In order to avoid trivial models, we assume that the average number of tuples does
not exceed the maximal capacity of all the urns in the time interval we consider:
nf1(t) < 4, ie. fi(t) < B. We first prove two lemmata giving the number of balls in an
urn at the time ¢, and its evolution between t, and t,, then analyse the conditional
distribution of the number of balls in an urn at the time ¢,, conditioned on the number
of balls in the urn at the time ¢,.

6.3.1. Distribution of the number of balls in an urn

Lemma 2. At the time t,, the number of balls k' in the urn U, is asymptotically Binomial
(B:n) with parameters

9, f1(t1)/B-

Proof. The probability that there are k balls in the urn Uj is

W)
Prlxt = k] = k)\ny —k _ <5>(A — o) (4 —n ) n,!

<A> k At (A —ny =5+ k(ng — k)
ny

Now, for fixed k and é and large n, and with 4 = fn and n, = nfi(t,),

Prixt = k] ~ (i) (4- r;lé)""‘n’i N (2) (1 _fl(él))a-k<fl(ﬁtl)>k’

which shows that x asymptotically follows a binomial distribution. O

Lemma 3. Given that we start with k, balls in the urn U; at the time t,, the number of
balls x(t) (t > t,) in the urn U, is described asymptotically by a birth and death process
starting from k,, with birth rate A(t) = [0 — k(t)] f4(¢), where f4(t) = ps(t)/[ B — f1(t)] is
the birth rate in a cell, and with individual death rate f5(t), where fs(t) = po(t)/f1(t).

Proof. The probability of insertion in the urn U;, between ¢ and ¢ + 1/n, is

5 — k(0 o) 1
—G—xpy P22
T S pa e

Ps(t)
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Similarly the probability that one tuple is deleted in the urn Uj is

Kk(t) _ K(t) pall)

Pl 5= f)

6.3.2. Conditional distribution

To analyse the distribution of the number of balls in an urn at the time t,,
conditioned on the number of balls in the same urn at the time ¢,, it is convenient to
introduce the function

Iy 2 (ky, k) :=Prx(t2) = k| x(t,) = k1 ].

We can see the content of an urn with x(¢) balls as a population of x(t) type 1 (balls)
individuals and § — x(¢) type 2 (empty places) individuals, changing type with rate f;
and f,, by Lemma 3. At the time t, k(¢t;) = k; and  — k(t;) = & — ky. Let

pi.i(t1, t2) = Pr[individual of type i at the time ¢, is of type j at the time ¢,].
So

P1,2(t1, t2) + p1,1(t1, 82) =1, P2,2(t1,t2) + paalty, t2) =1, (3)

and the number of balls in the urn at the time f, is x(t;) = X ,{t;, ) +
X, 1(ty, t3), where X, (t1, t,) is the number of balls existing at the time ¢, which are
still alive at the time t,, and X, (¢, t;) is the number of places empty at the time ¢,
and which contain a ball at the time ¢,. The random variables X, ; and X, , are
independent, with distributions Bés (k,, py 1(t;5t2)) and Ben(d — ky, py 1(t; t2)).

The probability p, ;(t;, t5) that a cell which is empty at the time ¢, is full at the time
t, satisfies the differential equation

P2.1(ty, ta + dt) = p, 4 (t4, t2) Pr{survival during dr]
+ p,2(t4, t2) Pr[birth during dt].

Now the probability that there is a birth in an empty cell during an interval of time
dt is fy dt, and the probability that the individual in an occupied cell survives during
a time dt is 1 — f5 dt; hence p, ; satisfies the relation

p2a(ty, ta +dt) = py (e, 2)(1 — f5(t3)dt) + pa 2(t1, £2) fal(t2)dt
Define

Jo(8):= fa(t) + f5(2); Sat1, )= exp|: - j 2fs(v) dl’]«

With (3), and taking dt — 0, we readily obtain that the function t —p, {(t,, ) satisfies
the differential equation

Y'(t) + f6(0) Y(©) = fu(t), with Y(¢,) = 0.
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Solving it, we get

P2,1(t1, 1) = J2f4(u)f7(u, t)du.

The probability p, 1 (t;, t,) that a cell which is full at the time ¢, is again full at the
time t, satisfies the same differential equation, but with the initial condition Y(t,) = 1;
hence

Pt t) = fr(te, ta) + pa 1 (E, £2) = fo(t1, 1) + J Sa@)fo(u, ty)du.

Now the probability p, ,(t;, t;) that a cell which is full at the time ¢; becomes
empty at the time ¢, satisfies the differential equation

Y' (1) + f6(®) Y() = f5(), with Y(t,)=0,

SO

Pl 1) = j o) folws 1) .

The probability p, ,(t;, t,) that a cell empty at ¢, is still empty at ¢, satisfies the
same equation as p, ,, but with the initial condition Y(t,) = 1; hence

P2.2(t1, t2) = frlt1, t2) + p12(ty, 2) = fH(t1, 2) + 2fs(“)f7(“, t2)du.

Finally, we obtain the probability IT, ,(k, 0) that an urn is empty at the time ¢,,
given that it contains k balls at the time t,: The k balls become empty places and the
0 — k empty places stay empty; hence

I, 5(k,0) = [p1,2(t1, £2)]1° [p2,2(t1, 820177

The conditional expectation of the number of balls at the time ¢,, given the number
of balls at the time ¢, is

M 5(k) = E[k(t2)Ix(ty) = k] = kf7(t1, t2) + 6p2,1 (8, £2).

The average number of balls in an urn at the time ¢ is nf; (t)/d; the average numbers
of balls in an urn at the times 7, and t,, i.e. nf1(t,)/d and nf;(t,)/d, are related by

% =fl(;1)l’1.1(t1, ) + (5 _f1:1)> P2,1(t1, t2)

Rewriting, we get

file)
B

filt2)
5

flt1, ) + paaty, £2) =
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7. Computation of COV(Y,, Y,) for a nonrandom static structure

In the next subsections, we give some examples of the computation of COV(Y, Y3),
before dealing with the general case in Section 7.3. We use the notations Pi/</ for the
process Pi in the model with infinite urns, and Pi/# for the process Pi in the model
with bounded urns. The detailed computations can be found in the technical report

[14].

7.1. P3/sf: unbounded urns and insertions

The probability that the urn U; contains at least one ball at the time ¢, and at the
time ¢, is simply the probability that the urn is not empty at the time t, (there are no
deletions): Zti, = Z), and Lemma 1 gives

COV = d(Zy — Zt),) + dX(Z1), — Z1 Z)).

The next step is to compute the probabilities Z} and Z%7,. We readily derive

. . o 1\
za=<1—z> ~ehin ZZ=Z’2=<1——E> .

The term Z%/, is the probability that the urn U, is empty at the time ¢, and that the urn
Uj is empty at the time ,. As there are no deletions, this is also the probability that the
urns U; and U; are empty at the time ¢, (after throwing n, balls) and that the urn U; is
still empty at the time t,, after throwing ny , = n, — n, new balls;

. 2\" 1\"2
- 0
Hence
1 ni.2 1 n 2 ny
= _—— 1 _—— -_— _—
cor=a(1=5f (=3 - (=)
1 ni,2 2 ni 1 2m
2 i _Z — - —
(=g 0= -0-9)7]
A direct asymptotic analysis leads to

E(Y;) ~ an(l —e™),

n—w

COV ~ n [ae_tl/‘l _ “e_(tl tia)ja _ tle_(“ +lz)/a]_

n— o
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However, for further application, it is more convenient to rewrite the covariance in
a way that leads to computation of a partial derivative:

cov=d|l(1-LV""" (1 2)"1 P
(G CHAUSIN
5 1 nytn2 1 ni 1\m
(R S

and we directly analyse the second bracket term of (4). Indeed, this gives an equivalent
for d ~ om:

1 \m AN R AU 1 o1
o —(1=2 ~—[1=-= ~ L atnfal 17 e
[(1 d—l) ( d)] 6d< d) &° n &ns

which immediately leads to the asymptotic expression of the covariance.

7.2. P3/#: bounded urns and insertions

In this case, the number of balls at the time ¢, is n; = nt,. The approximate value of
the probability Z} that the urn U, is empty at the time ¢, is given by Lemma 2, with

fig=t

The probability that the urn U, is empty at the time ¢; and at the time ¢, is again
simply the probability that it is empty at the time ¢,:

zii (1 t—2>é
1,2 ﬂ .

The joint probability that the urn U; is empty at the time ¢; and that the urn U; is
empty at the time ¢, is

;o [ 6( t1>6< lz—t1>‘5
Zl.} ~ 1 —_ 1 _ 2 1 _ ,
v < ﬁ) F B’
with f/ = 8 — 8/n and B” =  — t,. So, asymptotically, Z47, ~ (1 —t,/B)°(1 — t,/p)’.
By Ci/, = Z4/, — Z' Z}, we obtain

i uN[, _aY _(, _uV]l, _t-uY
e (15 [0-5) - (-5 J0-5)
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After some computations, and with Lemma 1, we obtain

E(Y1)~om[1—<1—%>é],
t2 ) tl ) t2 3 tl a—-1 tZ 3
COV”‘"[ (“ﬁ)‘“(l‘ﬁ) (“ﬁ)‘“(‘“ﬁ) (17)]‘

7.3. Nonrandom static structure

We now extend the computations of Sections 7.1 and 7.2 to the general cases. Let us
start with a nonrandom (N R) static structure, where the process total number of tuples
follows a path fixed by nfi(t) i.e. the path is the closest to nfi(¢) in the adequate
topology (Skorohod for instance). On a short interval Dt < 1, such that n Dt > 1, each
step chosen at random among m has probability ps(t), ps(t) or p,(f) of giving an
insertion, a deletion or a query.

All the results in this section depend only on the function f; (¢) specifying the number
of balls at time ¢, on the probabilities p,(t), po(t) and p,(t), and on the auxiliary
functions defined in Sections 6.2 and 6.3. We shall show that the average value of the
projection size at time ty, E(Y,), and its covariance at distinct times t; and t,,
COV(Y,, Y,), both have a common form whatever the model:

Proposition 1. For each urn model o/ or &, there exist two functions F(x) and
Wyr(ty, t2) such that, if we consider a relation of size nf1(t), the size of its projection is
a random variable with expectation at the time t, E(Y,), and covariance at distinct times
t; and t, COV(Y,, Y,), given asymptotically by:

E(Y,) ~ nF(fi(ty)), COV(Yy, Yo) ~ n¥yg(ty, 1)
We shall study two examples before proving Proposition 1 in Section 7.4.3.

7.3.1. Unbounded urns and return to an empty structure: P1/of
We use the notations Z} (=) and so on to emphasize the dependence on the urn
model. We obtain

E(Yy) = an(l = Zi()) ~ an(l — e” /1@ = nF(fi(t,)) say,
with f(f) = t(2 — t)/2. By Lemma 1,

COV(Y1, Y,) = an[Zi55(4) — Zih ()] + a?n*Cily ().
So we obtain

CoV ~ n[ae—[fl(h)*'fa(n,tz)]/a_ae—[fl(h)+f1(t2)]/<1

n—+ o
— psy Zfl(tl)e—[fl(h)"'fl(tz)]/a]
= n¥yr(t1, t2)
and ps; » f1(t1) = t1(2 — 2)/2, f3(t1, t2) = (1 = t3/ty) (L2 — £4).
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7.3.2. Bounded urn and queries: P4/%
We obtain

E(Y,) = nF(fi(ty)) ~ “"(1 - (1 B i(ﬁt_l)>é>’

COV(Yy, Y,y) = n¥Pyg(ty, t2)

N o \G
N om(l —il;i) [pz,z(zl,zz)é _ (1 —’%2”

— nxty f7(ty, t2)<1 — %)6 (1 — %)J_l.

7.3.3 Proof of Proposition 1
From Lemma of Section 6.1, we know that E(Y;) = d(1 — Z}) = na(l — Z}). After
some computations (given in [14]), we get
e For the model with unbounded urns, Z{ ~ e /'®2 and E(Y,) ~ nF(f,(t)) with
F(x) = a(1 — e~ *). The covariance is

COV(Y,, Yy) ~ nlae~ V160t 136000 _ o= (/1) +f102)/a
— f1(t1)psy, ;e 00+ at2din)

hence COV(Y, Y;) ~ n¥xg(t1,t,) for a function Wyg(t,, t,) which is expressed in
terms of the function f;(t) and f5(t,, t,):

lPNR(tla tz) = ae—fn(u)/vz(e—fa(ln,tz)/a _ e—fx(lz)/ll) _fl(tl)psl,Ze_(f‘(,1)+fl(12))/a'

o For the model with bounded urns, Z} ~ (1 — £, (t)/)’, and E(Y;) ~ nF(f,(t)) with
F(x) = a(1 — (1 — x/B)®. Using the functions defined in Section 6.3, we get an
expression of the covariance as

COV(Y,, Y,)~ n<a <1 _M)a[l,z,z(thma N <1 _fliz_)ﬂ

b g
9 -1
s

hence COV(Y,, Y,) ~ nPygl(ts, t;) for a suitable function Yyr(ty, t2) given below
(we recall that p, , and f, are functions of ¢, and t,):

Pur(ty,t2)

_ <1 _flgl)fl:apg’z - (1 —fl'([;Z))‘s”l(apz,z + (1 - ;15‘) fl(tl)f7>:|‘
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8. Random structure

We can generalize the techniques we used in [27]. We recall that Y, and Y, denote
the size of the projection of a relation R at the times ¢, and t,, when the number of
tuples of R is given by the process &, and that S; and §, denote the same quantities
when the number of tuples of R is given by the process 2. We first compute the
variation of COV(Y,, Y,) introduced by assuming that the numbers of tuples are no
longer fixed, but Gaussian random variables; this gives a term that we call n¥¢(¢,, ,).
Then we compute the actual covariance of S; and S, and we show that it is of the type
n¥x(ty, t,); its form shows that the size of the projection is a Gaussian process. Below
we state our result, before proving it in the rest of this section. In the following
theorem, f; and f, are relative to the expectation and covariance of the process
associated with the initial relation, and y(t) = F'(f1(¢)).

Theorem 8.1. In the projection model, the size of the projection S([nt]) is a (not
necessarily Markov) Gaussian process with

E[S([n])] ~ nG(1), with G(&):= F(f1(t)),
COV(S([nt1]), S([nt2]) ~ n¥r(ts, t2),

with Wg(ty tr):= Pur(ty, £2) + fo(tr, £2)7(01 )7 (02),
VAR[S([nt])] ~ n®(t) with ®(t):= Yg(t, ) = Pyr(t, t) + Y(@) f2(t, 1).

The relative error in the density is O(l/ﬁ).

8.1. The perturbation on the expectation and covariance of Y, and Y,

In this part, we take into account the random part of the number of balls W([nt]).
As the process 2 is obtained by adding a process 2, or order ,/n to the process %o,
itself of order n, the respective numbers of balls at the times ¢, and t, are

ny = n<f1(t1) N —0\/—;) L0,  m= n(fl(tz) ; %) + o), ©)

where 8, and 0, are Gaussian random variables with mean 0 and covariance f,(s, ):
for any {; and {,,

E[ei(C101 + ngz)] ~ & — 1200, 1) + 2f00, )00 A, )83, (6)
Set

7(O):=F(f1(0)). ()



146 D. Gardy, G. Louchard | Theoretical Computer Science 144 (1995) 125-159

From Proposition 1 of Section 7, we have that E[Y;] ~ nF(ny/n), and with (5) this
gives

E[Y,]~ n(F(fl(u» 4 fj—;y(rl)).

A similar relation holds for E[ Y, ]. Now, injecting the values of n, and n, given by
the formulae (5) into the covariance COV(Y,, Y,) = n¥yg(ty, t2), we get a new value
nqlc(tl , s ), with

0 _ 6 1
Pelts, t2) = Parlts, t2) + G1(ts, ta) —= + @alty, ty) —= + O(‘)
\/; \/; n

for some ¢, and §,, and for ¥y computed in Section 7.3.3 according to the type of
urn.

8.2. The covariance of S, and S,

We know from previous work [12] that, for a known size of the initial relation R at
the times ¢, and ¢,, the projection sizes Y, and Y, are asymptotically normal. Then for
any ¢, and ¢,

E[ei(fl Yo+ ¢, Yz)] ~ E [ei(flE[Yl] + SELY,]) — /2816 (Y) + 28,8, COV(Y,, Ya) + 5%02()'1))]_
Plugging into this equation the modified values for E[Y,] and E[Y,], and substitu-

ting n¥¢(t,, t,) for COV(Y,, Y,) (and similarly for ¢2(Y,) and 6(Y,)), we obtain an
expression for the expectation E [el¢:5: + &:52)7]:

E [ei(fxs1 + fzSz)] ~ edllL) F [eB(tutz)],
with

A(ty, t2) =1[EnF(f1(t1)) + EnF (f1(t,))]

1
- En[WNR(tla t1)ET + 2¥ng(t1, 12)E0 &, + Par(ta, t2)E3]
and

Blti,tz) = i61/n (mm + 301l )8 + Bt 12)El + 5 10 tz)é%)

+ iezﬁ(fz?(tz) + % @2(t2, 12)83 + 1211, 12)E18, + % @2y, tl)é%) + O(1).
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The term B(t,, t,) contains all the contribution from the random variables 8, and
0, and is of the form i({,6, + {6,); this leads, with (6), to

E[e?“] ~ exp( — 3 n [E39%(t) falt1, t1) + 28, Eay(E lE2) fa 81, 1)
+ Ey2(t,) folt, t,) + cubic terms in &, &, + O (1//n)]).

Let us define

GO =F(fi(0),  Pr(t1,t2) = Par(ts, t2) + 21, £2) 7(81) 7(22).
We get

E[eliSi +&520] ~ exp (i [£1nG(ty) + EnG(2,)]

— F[EinWr(t1, 1) + 28:E2nWPR(ts, t2) + E3nWr(ty, 15)]
+ cubic terms in &, &, + O(1/4/n)).

Now we remember that we are actually interested in the normalized process

S'([nt]) = (S([nt]) — nG(t)/s/n. Substituting &,/\/n for &, and &/, /n for &,, we get
E[el®S:i+ &S] ~ exp( — 387 Wrlty, t1) + 2818, W(ty, 1) + E2 PRty 15)]

+ O(1//n)).

which proves Theorem 8.1.

8.3. Examples

Let us illustrate our technique with two examples. We choose two distinct pro-
cesses, corresponding to two types of operation in the infinite model. In Section 7.3,
we derived the following results for the model with unbounded urns: y(f) = e~ /+®/=
(see (7)) and

G() = F(/y(0) = (1 — e~ /10

lPN R(tls tz) =oqe " [filey) + falty, t2))/o _ ae ™ [fi(tr) + f1(t2))/e
— psy zfl(tl)e‘[fx(fl)“‘ft(fz)]/ﬂ“

1. P1/«/: weighted process with insertions and deletions. For a sequence of insertions
and deletions, starting from and arriving at an empty relation, we have
fil)=t2—1)/2 and fo(t;,t;) =t3(2 —t,)*/4. The survival probability is
syt t2) = (2 — )2 — ty), and f3(ty, t5) = (1 — £5/2)(t; — t,). Theorem 8.1 leads
to

E[S([nt])] ~ na(1l — e~ *@~1/2%),
co V(Sl, Sz) ~ ne_t?/a [a(et/a _ 1) + 1.2] _ re"/“,
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with

_L2-1,) _n2-t)  L2-t)
= and o= > + 2 .

2. P5/sf: unweighted process with insertions, deletions and queries. We study now
a sequence of insertions, deletions and queries, starting from an empty structure and
arriving at a structure of size 2nX + a\/;. We have F(x), y(t} and Pyg as above, but the
functions f; and f, are those corresponding to P5:
at ,852~1)

fl(t)=it+2\/;;’ fZ(S’t)=G 2 s

(we recall that X = p, — py), and ps, , and f; are as follows:
ps1a(tys t2) = (L1/t2)Pol%,  filty, 1) = X(ts — t1(84/12)P57).

We give below the expectation and the covariance of the process size of the
projection in this case:

E[S([nt])] ~ na(l — e~ ™% + ﬁ ate™ =,
Cco V(Sl, SZ) ~ n.PR(tl, t2)7

with

Pelty, 1) = € — Xt + 1) [a(e — 5t /P e 1) — 51, (Ll)"’/’? 4 o2 t_l(,z_é":‘_ﬂ}
tz

9. Projection maximum

We have shown in Section 8 that the projection size at the time nt is

S([nt]) = nG(®) + /nV(®) + O(1),

with G a deterministic curve and ¥ a Gaussian process. To analyse the maximum of
S([nt]), we must first know whether G(f) has a maximum for ¢ €]0, 2[. If G(¢) is
maximized at t = 2 then it is easily checked that S([nt]) is also maximized at ¢ = 2. So
assume that G'(f) = 0 for a unique f € ]0, 2[ (local maxima can be analyzed similarly).
Set G:= G(f) and G" = G"(f).

It is equivalent to analyse the maximum of S, or the maximum of the normalized
process obtained by a change of scale in the process and in the time:

S —nG —
X(t)y= L’”J\/);—"G ~ V(1) + /n(G(®) — G). ®)
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We shall use a technique based on the results of Daniels [6], which applies precisely to
a process of the form (8), and which we recall below.

9.1. The basic results

Consider a Gaussian process V(¢) superimposed on a curve j(t). It is equivalent to
look for its maximum m:= max [V(t) + j(¢)], and the time t* at which this maximum
occurs, or to search for the hitting time of V(t) to the absorbing boundary m — j(t). It
is well known (see [8]) that, near the crossing point, V(f) behaves locally like
a Brownian motion BM, or a variant of it, such as a Brownian bridge BB. It is also
known that the hitting time and place densities for a BB can be deduced from the
hitting time density for a BM (see for instance Louchard [25] for a constant boundary
and Csaki et al. [5] for a general proof).

Assume that j(t) is given by

7ty =/ny@), n»1 9)

and that it has a unique maximum at #, with y{f) = 0 (if necessary, we translate the
origin). Daniels and Skyrme [7] have computed the asymptotic hitting time and place
density. In the Gaussian process case, with covariance C(s, t), s < t, Daniels [6] has
matched the local behaviour of C(s, t) with the BM (or one of its variants) covariance
near . In the BB match, we have

V(D) + /ny@®)] ~ JA[BB(t — to) + /no(t — to)] on te(to, to + T),

where BB(T') = 0, y(t) = ¢(t — to) and A is some constant. We can deduce the density
of the maximum m and time ¢* from Daniels [6, (3.8)] and Daniels and Skyrme
[7,(5.9)]. We first need to introduce some notations. Let

¢y = [0,C(s,1)]; = 0, ¢, =[08,C(s, 1)]; < 0, c= C(,1), (10)
to= [ — c/cy, to+ T:=1t+ c/|ca], T:=cA/(c,|c;)), (11)
A=cy +|cal, Bi= —y"(), u=n'BA71BBB* —1). (12

Let also R(x)= exp(x3/6)H(x), with

1 +ico dS
— -1/3 SX
H(x)=2 = j_iw € —Ai( EUTERS

A, is the classical Airy function. Let f(x):= 2R(x)R( — x) and v(x):= H'(x)/H(x), R and
v are tabuled in Daniels [6]; note that f'(0) = 0. Finally, define

+
A= f [R(x) — x*]dx = 0.99615...

The result of Daniels and Skyrme is as follows:
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Theorem 9.1. The random variable m:= max [V (t} + 7(t)] is asymptotically Gaussian
with mean and variance

E(m)~ An" Y6 42B3B~ 13 gi(m)~ c. (13)
The conditioned maximum m|t* is asymptotically Gaussian with mean and variance
E(m|t*) ~ n= YA B [epv(— u) + e, v B'S,  o?*[m|t*¥] ~c. (14)

The joint density of m and t* is given by

1 2
@(m, u)dmdu = 2 /ﬁe—m /‘2"{@ +n YSB=1B A~ 1Byep (m, u)

2
+ O(n’”3)}dmdu, (15)
with
1 2 A , Cy , |CZ|
¢y(mu) = ——u*f(u)— + R'(— w)R(w) = + R(— w)R'(u) —, (16)
4 c c c

and where u has density f(u) . All expectations and densities have relative errors of order
O(n~173).

9.2. Application to the projection size
From Theorem 8.1, we know that

S([nt]) = /n{\/nG + V(1) + /n[G(®) — G1} + O(1),

with COV[V(t,), V(t,)] = Wr(t1, t2). The O(1) term is non-uniform in ¥ but it is easy
to check that max(S) is only affected by a O(1) term. Comparing with (9), we must
identify y(t) with G(t) — G. We can now compute

cyi= 0y, Yr(ty, )ty =1,=1 ¢y = 0, Wrlty, t2)ey =0, =0 (17
cy=WeB0), A=ci+lcl, B= -G (18)

The result of Daniels leads to the following theorem.

Theorem 9.2. The maximum size of the projection satisfies
M= max S([nt]) ~ nG + m\/; + O(n'’®),
[0, 2]
where m is a random variable characterized by (10)-(15). The time t* when the maximum

occurs is a random variable characterized by (12),(15) and (16). The constants are given
by (17) and (18).
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Let us again illustrate our theorem with an example. For the unbounded urn model,
and the process P, (no deletions or queries), the function G(t) is maximized for f = 1 so
G =a(l —e Y**)and

B= —G' =¢ V2 c=a M gt _ L=t
¢y =2%e" V2 = —¢, A=2c.
1 2 2

Theorem 9.2 is now applicable.

10. Proof of the theorem for joins

In this section we prove Theorem 4.1 relative to the join models. After some
notations, Section 10.1 describes the new bi-dimensional processes related to the total
number of balls. Section 10.2 proves a preliminary result (Lemma 2) generalizing
Lemma 1 of Section 6. Section 10.3 analyzes the non-random static structure related
to the join model. Section 10.4 presents the main theorem, corresponding to the
complete random structure.

The function ¢(x) = I(x > 0} of Section 6 will be denoted hereafter by . We shall
need another function ¢(x) = k, denoted by ¢,. Note that the equijoin (EJ) corres-
ponds to ¢% and ¢4, and the semijoin (SJ) to @& and ¥ (the functions ¢ are related to
the relation R, ie. to red balls, and similarly for ¢%).

10.1. Processes related to the total number of balls

We need here bi-dimensional processes related to red (R) balls and blue (B) balls.
Let us mention for instance:
e P8: Here we have red (R) balls and blue (B) balls, furnished by independent processes,
with probabilities pX, p&, p% and p¥, pg, p¥ (see Fig. 2). The means and variances
corresponding to one step are given by Xz, 6%, Xz, 02 as in P4 and the covariance

R S
-1 0 +1 -1 0 +1
pE 6 ¥ 3 Opz
2 )

Fig. 2. P8 probabilities.
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matrix of the bidimensional BM is written as

R, R B, B,
R, [o%s ais
0
R, | ois okt
B, o3s o%s st
0
B, oZs o3t

Remark. We can of course combine any of the processess P;—P- of Section 5 to
furnish independently red and blue balls.

e P9: We have red (R) balls and blue (B) balls, with probabilities pX, pX, p2, p2, p, (see
Fig. 3), Means and variances corresponding to one step are given by Xz, 0%, X5, 03
as in 2, and the covariance matrix of the bidimensional BM is written as

R, R, B, B,
Rs O'%(S ORS —)EB)ERS —fBiRS
R, aks okt — XgXgS — XpXgpt
- o - . R 2 S (19)
B, — XgXRS — XgXgS$ OBS a5S
B, — XpXps — XgXgt os ot

So fR(t) = xxt, f2(t) = x5t and £ (s, t) is immediately written down from (19).
e P10: We have red (R) balls and blue (B) with probabilities p¥, pX, pR2, pR2, p2, p&,
pRB pZ8. This process is a generalization of both P8 and P9; see Figs. 2-4. Set

ny=pf+ pks + 055,  mh=p5+ psh + pEl
S
bT
% I R
Pp pz
Do
p

Fig. 3. P9 probabilities.
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Fig. 4. P10 probabilities.

and similarly for nf, n5. Then Xz = 7% — 78 and the covariance matrix of the
bidimensional BM is characterized by 6% = n¥ + n% — x% (similarly for ¢3), and

fEP(s, 1) = COV®B(s, 1) = (03 + p5E — pJ5 — pES)s — Xukrs, s<t.

e P11: We now choose time-dependent probabilitiess in P9, Set
ger(8)= — L') Xp(s)Xg(s)ds, and define ¢? as in the process P6 of Section 5. The
covariance matrix of the two-dimensional BM is given by

ok(s) ok() gsr(s) gsr(S)
o&(s) o) gmr(s) gmr(d)
gsr(s)  gpr(S) 0129(5) o f,(s)

9er(s) gsr() oR()  aF(2)

Time-dependent probabilities can be similarly introduced in P10.

10.2. Preliminary result

Let Y=Y, ., .,0(x})¥(4}) for any measurable ¢ and y, where x%(4}) is the
number of red (blue) balls at time ¢, in urn U;. The properties of Y, are given by the
following lemma (Y, is relative to the time ¢, ):

Lemma 4. The mean and covariance of Y are given by
E(Y,) = dE\(9) E1(¥)),
COV(Yy, Y;) = dE' ), [@]EYL, [¥] — dE), (@] Ef)a [Y]
+ d*[E [@]Ei[9] Cih W] + E\VIEL Y1 Cit (o]
+ Crl2[9]Ci/2 Y11,
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where E'[¢), E{},[¢] are defined as in Section 6 and with
Cih[pl= ;PT(KQ = kl)q?(kl);[P"(K’é = ky|i = ky) = Pr(ch = k2)] 9 (k2)
= Ei),[¢] — E{[9]Ez[0].
Proof.

COV = dE5,[9]Ei> (] + d(d — DE)[¢]E),[¥]
— d’Ei [9]E} (0] Ei [Y1EL[¥]
= dEY!,[@1EY, [Y] — dETL @] EYL (Y] ~ 4B [0} (@] Ei (VIES (Y]
+ d*(E [9]E4[o] + Cih[o])EYYIEL Y] + CiL[¥]),

which proves the lemma.

10.3. Nonrandom static structure (NR)

The quantities E%, E}/, for ¢, are given in Lemma 1 of Section 6.1. We need similar
expressions for ¢,(x) = k. We can derive the following result, which can be found in
a more detailed form in [15]:

Proposition 2. For each join model, there exist two functions F(-,-) and yyg(ty, t;) such
that

E(Yy) ~ nF(f{(t,), f5(e1)),
COV(Y;, Ya) ~ nynrlty, t2).

Let us give two examples.
P9/[ 4R, o4B)/EJ: Equijoin, with unbounded urns and probabilities p%, p8, p5, p5, ps.
This leads to

f1 (tl)fl(tl)

G o .2
E(Y))= nF (FR0), f30) = n 220,

CovV(Y,, Y,)
~ dE{R (o, 05) BV, 93) — dEYHN (A, 0,) EbP (o, 92)
+ 2 [EPR (A, 02) X (A, 02) CiB(A, 93)

+ E{ (o, 02) E5® (oA, 02) CisM (o, 92) + CilsR (o, 0,) C15% (o, 02)]
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- n{l[psu fit) +f1(t1)f1(tz)]“[
o o

ps1.2 f1(ty) +f1(t—11{1@]3

1
% Lfile) fr(e) IR A1) f1(22)02 — |:f1 (t) f}(t2) pst 2

[fl (1) f2(e)pst 1L “”]}

fi (tl)]

n _
~ pst 2 fR(t1) pst 2 fT(t1) = nxgXpt? ps§ ; pst o/

We use here the notation [expr]® to indicate that the quantities inside the brackets
are the one relative to red balls, and similarly for [expr]® and blue balls.

o P9/[o#R, %85]/SJ: Semijoin, with unbounded urn for red balls, bounded urns for blue
balls and probabilities p%, pX, p5, p2, p,. This leads to

E(Y,) = anEi®(s, 0,) Ei*(&#, 0,) = a"@ [l - <1 _ﬁg ))]

s . \G
= nF [ ff(t,), f1(t1)] ~ nZgty [1 - <1 - XBtl> :|,
COV(Yy, 1)
~ dEYSR (o, 0,) EV P (B, 91) — dEYSR(oA, ¢02) EVSE (B, ¢4)
+ d?[EPR (oA, 0,) EXR(A, 90,) CL5E (B, 1)
+ Ep (B, 01 ) EXB(B, ¢,) CrEMA, 03) + CyBR (A, 0,) CYIB(RB, 04)]

~ n{[psl,zfl(m +Mf“2’]

X[l '—le(g’ (Pl)_ l2(~%’ ¢l)+ Zily,il(g, (pl)]B

R R
‘W#“ B, 01) — ZH(B, 01) + ZiHH(B, 01)]°

—ff(tl)ff(tz)[ 1(21)f7(t1, t2)< f1(l;1))"<1 _fl(ﬁtz))d"l]g

B o B 3
[T -t}
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10.4. Random structure (R)

Now we must analyze the two-dimensional join model. We have two underlying
processes with

ok 98
nt —n<f1(t1)+\/.>+0(1) n’l’="<ff(51)+“ﬁ)+0(l)

balls at t; and

6% 08
nf = n(ff(tz) + ﬁ) + O(1), nj = "<f1 (t2) + \[> + O(1)

balls at t,, where 8%, 0%, 8%, 62 are Gaussian random variables with mean 0 and
covariance f5' (s, t) written down from P§8-P11.
If we fix ny, n,, the covariance COV(Yy, Y,) is given by nWc(¢,, t,) with

ox 6%
Yelty, t2) = Purlte, t2) + @1(ty, t2)—= +(P2(t1atz)—
f Jn

+(p1(tl’t2)\/—+(P2(t1,t2)\/—+o( )

for some @, and Wy is computed in Section 10.3. Set

OF(fF, f7)
aflR t=1

and similarly for y3(t,). We now obtain the following result:

YR(ty) =

Theorem 10.1. In the join model, the size S([nt]) of the join at the time nt is asymp-
totically given by a (not necessarily Markov) Gaussian process with

E[S([nt])] ~ nG(r) with G(t):= F[f}®).fF(®)],
COV(Sy,8;) ~ n¥r(ty, t3),
with

Pr(ty, t2)= ¥ye(ty, t2)
+ YRE) YR 5 R ) + 7R () VP ) 58 1)
+ P2 YR () B R 1) + Y)Y ) 135 1),

VAR[S([nt])] ~ n[¥n (t ) + Y2 F5 R ) + 20° (Y0 /522, )

+ 750 158, 1)),

The relative error in the density due to the asymptotic approximation is 0(1/\/;1).
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Proof. We derive

Eél [£181 +£252]
~ exp {iélnF(ff(rl), F3) + iEnF(fR(e) £3(22)
— [ ¥ualts, 1)E} + 2Pualts, 120162 + Prallzs rz)m}
[exp {10‘*\/ [élv“(tl) + 5 9%y, )€ + 19T, 12)8080 + 5 ézq: (t2, tz)]
+ ie’z‘f[ézv“(tz) +ipT(t1,82)808; + 5 é @3 (t, tl)]
+ iefﬁ[mﬂ(m + % Pht1, 1) + iph(ty, 12) €18
+ %é%@’z‘(tl, tz)]
+ 108 /n [éz?B(tz) + %@z(tz, 1)&3 +i91(ts, 12)€1&,
1 aata, m] + 0(1)}] .
The last term leads to

exp{ B ;[ffy"(tl)sz'“(tl, 1) + E3yR ()2 fE R (2, 1)

+ EY3(6 P 3R, 1) + 8395 ()2 3P e, ta)

+ 28 SR R E) SRR 1) + 28R )YP ) 58 1)
+ 281 &R ()PP (E) S5 B (s, ) + 28397 ()Y (82) f5 2 (s 1)
+ 286,672y (82) SRR (s, 1) + 286, 80P (0)YP(62) 38 (1, 1)

+ cubic terms in &, &, + O(l/ﬁ)]},

which proves the theorem. [

Let us illustrate our technique with one simple example (all other cases can be
analyzed similarly).
For P9/[ 4R, o#®]/EJ (equijoin with unbounded urns for both red and blue balls).

WR(ty) = fl( ), VB(ty) = fl(tl
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and f3 (s, t) is directly written down from (19). Theorem 6.1 is now immediately
applicable. This leads to

XrX5 ,
1,

E[S([nt])] ~ n

XpXptips} ,pst X3t
COV(S,, S,) ~ n|: RXBI1DS1,2P51,2 + Ba; Zaﬁtl

o

- - =2
XpXptits _ _ Xgti1ts ,
Txﬂxkt1+—aZ_aBtl .

We should also mention that, if desired, we can characterize the distribution of the
maximum size of a join and obtain a result similar to Theorem 9.1, by applying the
method of Daniels presented in Section 9 of this paper.
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